
5 Triple integral

5.1 De�nition and properties of triple integral

We used a double integral to integrate over a two-dimensional region
and so it's natural that we'll use a triple integral to integrate over a three-
dimensional region. Suppose the function of three variables f(x, y, z) is de�-
ned in the three dimensional region V . Choose the whatever partition of the
region V into n subregions

∆v1, ∆v2, . . . , ∆vk, . . . ,∆vn

where ∆vk denotes the kth subregion, as well the volume of this subregion.
For each subregion, we pick a random point Pk(ξk, ηk, ζk) ∈ ∆vk to repre-

sent that subregion and �nd the product of the value of the function at that
point and the volume of subregion f(Pk)∆vk. Adding all these products, we
obtain the sum

n∑
k=0

f(Pk)∆vk, (5.1)

which is called the integral sum of the function f(x, y, z) over the region V .
Let

diam ∆vk = max
P,Q∈∆vk

|
−→
PQ|

be the diameter of the subregion ∆vk and λ the greatest diameter of the
subregions, i.e.

λ = max
0≤k≤n

diam ∆vk

De�nition. If there exists the limit

lim
λ→0

n∑
k=0

f(Pk)∆vk

and this limit doesn't depend on the partition of the region V and the choice
of the points Pk in the subregions, then this limit is called the triple integral
of the function f(x, y, z) over the region V and denoted∫∫∫

V

f(x, y, z)dxdydz

Thus, by this de�nition∫∫∫
V

f(x, y, z)dxdydz = lim
λ→0

n∑
k=0

f(Pk)∆vk (5.2)
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If the function f(x, y, z) is continuous in the closed region V , then the
triple integral (5.2) always exists.

The properties of the triple integral are quite similar to the properties of
the double integral.

Property 1.∫∫∫
V

[f(x, y, z)±g(x, y, z)]dxdydz =

∫∫∫
V

f(x, y, z)dxdydz±
∫∫∫
V

g(x, y, z)dxdydz

Property 2. If c is a constant then∫∫∫
V

cf(x, y, z)dxdydz = c

∫∫∫
V

f(x, y, z)dxdydz

Property 3. If V = V1 ∪ V2 and the regions V1 and V2 have no common
interior point then∫∫∫

V

f(x, y, z)dxdydz =

∫∫∫
V1

f(x, y, z)dxdydz +

∫∫∫
V2

f(x, y, z)dxdydz

Let f(x, y, z) ≥ 0 be the density of a three-dimensional solid V at the
point (x, y, z) inside the solid. By picking a point Pk to represent the sub-
region ∆vk we treat the density f(Pk) constant in the subregion ∆vk and
the product f(Pk)∆vk is the approximate mass of the subregion ∆vk. The
approximate mass because we have substituted the variable density f(x, y, z)
by the constant density f(Pk).

The integral sum is the sum of the approximate masses of the subre-
gions, i.e. the approximate mass of the region V . The limiting process λ→ 0
means that all diameters of the subregions are in�nitesimals. The density at
the point Pk represents the density of the subregion ∆vk with the greater
accuracy and the integral sum will approach to the total mass of the region
V .

Therefore, if the function f(x, y, z) ≥ 0 is the density of a three-dimensional
solid V then the triple integral equals to the mass of the solid V

m =

∫∫∫
V

f(x, y, z)dxdydz

If the region V has the uniform density 1, then the mass and volume are
numerically equal, i.e. if f(x, y, z) ≡ 1, then the volume of the region V is
computable by the formula

V =

∫∫∫
V

dxdydz (5.3)
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An example how to use this formula we have later.

5.2 Evaluation of triple integral

The region V in the space is called regular in direction of z axis if there
are satis�ed three conditions.

1. Any line parallel to the z axis passing the interior point of this region
cuts the boundary surface at two points.

2. The projection of the region onto xy plane is a regular plain region.

3. Cutting the region by the plane parallel to some coordinate plane crea-
tes two regions satisfying the conditions 1. and 2.

If those conditions are ful�lled, then the region V is determined by inequa-
lities a ≤ x ≤ b, ϕ1(x) ≤ y ≤ ϕ2(x) and ψ1(x, y) ≤ z ≤ ψ2(x, y). We can
de�ne the iterated integral

b∫
a

dx

ϕ2(x)∫
ϕ1(x)

dy

ψ2(x,y)∫
ψ1(x,y)

f(x, y, z)dz

To compute this iterated integral we have to compute three de�nite integrals.
First we integrate with respect to the variable z holding x and y constant

Ψ(x, y) =

ψ2(x,y)∫
ψ1(x,y)

f(x, y, z)dz

We call this inside integral and the result is a function of two variables
Ψ(x, y). Next we integrate with respect to the intermediate variable y holding
x constant

Φ(x) =

ϕ2(x)∫
ϕ1(x)

Ψ(x, y)dy

The result is a function of the one variable Φ(x). Finally we compute the
outside integral

b∫
a

Φ(x)dx
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Notice that the limits of the outside variable a and b are always constants.
The limits of the intermediate variable ϕ1(x) and ϕ2(x) depend in general on
the outside variable. The limits of the inside variable ψ1(x, y) and ψ2(x, y)
depend in general on the outside variable and on the intermediate variable.

Example 1. Compute the iterated integral

1∫
0

dx

x∫
0

dy

xy∫
0

(x+ y)dz

First we integrate with respect to the inner variable z. Since x + y is
constant, then

xy∫
0

(x+ y)dz = (x+ y) · z
∣∣∣∣xy
0

= x2y + xy2

This result we integrate with respect to intermediate variable y

x∫
0

(x2y + xy2)dy = x2 · y
2

2

∣∣∣∣x
0

+ x · y
3

3

∣∣∣∣x
0

=
x4

2
+
x4

3
=

5x4

6

and �nally with respect to x

1∫
0

5x4

6
dx =

5

6
· x

5

5

∣∣∣∣1
0

=
1

6

Since we have assumed that the projection of the region V onto xy plane
is a regular plane region, then the region V can be determined by inequalities
c ≤ y ≤ d, ϕ1(y) ≤ x ≤ ϕ2(y) and ψ1(x, y) ≤ z ≤ ψ2(x, y) and the iterated
integral can be de�ned as

d∫
c

dy

ϕ2(y)∫
ϕ1(y)

dx

ψ2(x,y)∫
ψ1(x,y)

f(x, y, z)dz

Just like we have de�ned the regular region in direction of z axis, we
can de�ne the regular region in direction of x axis and the regular region
in direction of y axis. In the �rst case it is possible to de�ne the iterated
integrals

b∫
a

dy

ϕ2(y)∫
ϕ1(y)

dz

ψ2(y,z)∫
ψ1(y,z)

f(x, y, z)dx
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or
b∫

a

dz

ϕ2(z)∫
ϕ1(z)

dy

ψ2(y,z)∫
ψ1(x,y)

f(x, y, z)dx

and in the second case

b∫
a

dx

ϕ2(x)∫
ϕ1(x)

dz

ψ2(x,z)∫
ψ1(x,z)

f(x, y, z)dy

or
b∫

a

dz

ϕ2(z)∫
ϕ1(z)

dx

ψ2(x,z)∫
ψ1(x,z)

f(x, y, z)dy

So, if the region V is regular in direction of all coordinate axes, six orders
of integration are possible. The conversion of the iterated integral for one
order of integration to the iterated integral for another order of integration
is called the change of the order of integration.

The iterated integral has the most simple limits, if the region of integra-
tion is a rectangular box de�ned by a ≤ x ≤ b, c ≤ y ≤ d and p ≤ z ≤ q. All
the faces of that box are parallel to one of three coordinate planes.

If we choose x the outer variable, y the intermediate variable and z the
inner variable, we compute

b∫
a

dx

d∫
c

dy

q∫
p

f(x, y, z)dy

and, of course, �ve more orders of integration are possible.
The iterated integral is the appropriate tool to compute the triple integral.

Theorem. If the function f(x, y, z) is continuous in the closed regular region
V , then

∫∫∫
V

f(x, y, z)dxdydz =

b∫
a

dx

ϕ2(x)∫
ϕ1(x)

dy

ψ2(x,y)∫
ψ1(x,y)

f(x, y, z)dz (5.4)
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Example 2. Compute the triple integral∫∫∫
V

xyzdxdydz

if the region V is bounded by the planes x = 0, y = 0, z = 0 and x+y+z = 1.
First three planes are the coordinate planes. The fourth plane passes three

points (1; 0; 0), (0; 1; 0) and (0; 0; 1). The intersection line of this plane and
xy plane z = 0 is x+ y = 1.

The projection of the region of integration onto the xy plane is the triang-
le, which is determined by equalities 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1− x. Since the
region of integration is bounded by the plane z = 0 on the bottom and by
z = 1−x−y on the top, the region of integration is determined by 0 ≤ x ≤ 1,
0 ≤ y ≤ 1− x and 0 ≤ z ≤ 1− x− y. By the formula (5.4)

∫∫∫
V

xyzdxdydz =

1∫
0

dx

1−x∫
0

dy

1−x−y∫
0

xyzdz

First we compute the inside integral

1−x−y∫
0

xyzdz = xy
z2

2

∣∣∣∣1−x−y
0

= xy
(1− x− y)2

2

Next we integrate with respect to y

1−x∫
0

xy
(1− x− y)2

2
dy =

x

2

1−x∫
0

y[(1− x)2 − 2(1− x)y + y2]dy

=
x

2

[
(1− x)2y

2

2
− 2(1− x)

y3

3
+
y4

4

] ∣∣∣∣1−x
0

=
x

2

[
(1− x)4

2
− 2(1− x)4

3
+

(1− x)4

4

]
=
x(1− x)4

24
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and �nally

1

24

1∫
0

x(1− x)4dx = − 1

24

1∫
0

(−x)(1− x)4dx

= − 1

24

1∫
0

(1− x− 1)(1− x)4dx =
1

24

1∫
0

[(1− x)5 − (1− x)4]d(1− x)

=
1

24

[
(1− x)6

6
− (1− x)5

5

] ∣∣∣∣1
0

=
1

24
(−1

6
+

1

5
) =

1

720

5.3 Change of variable in triple integral

Changing variables in triple integrals is nearly identical to changing va-
riables in double integrals. We are going to change the variables in the triple
integral ∫∫∫

V

f(x, y, z)dxdydz

over the region V in the xyz space. We use the transformation
x = ϕ(u, v, w)
y = ψ(u, v, w)
z = χ(u, v, w)

(5.5)

to transform the region V into the new region V ′ in the uvw space. We assume
that the functions x, y and z of the variables u, v and w are one-valued and
the system of equations (5.5) has unique solution for u, v and w. Then to
any point in the region V ′ there is related one point in the region V and
vice versa. In addition we assume that the functions (5.5) are continuous and
they have continuous partial derivatives with respect to all three variables in
the region V ′.

The jacobian of this change of variables is the determinant

J =

∣∣∣∣∣∣
x′u y′u z′u
x′v y′v z′v
x′w y′w z′w

∣∣∣∣∣∣ (5.6)

and we can transform the triple integral over the region V into the triple
integral over the region V ′ by the formula∫∫∫
V

f(x, y, z)dxdydz =

∫∫∫
V ′

f(ϕ(u, v, w), ψ(u, v, w), χ(u, v, w))|J |dudvdw

(5.7)
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5.4 Triple integral in cylindrical coordinates

The cylindrical coordinates are really nothing more than an extension of
polar coordinates into three dimensions leaving the z coordinate unchanged.
For the given point P (x, y, z) in the xyz space we denote P ′ the projection
of this point onto xy plane. Denote by ρ the distance of P ′ from the origin
and by ϕ the angle between the segment P ′O and x axis. Those ϕ and ρ are
exactly the same as the polar coordinates in the two-dimensional case.

De�nition. The cylindrical coordinates of the point P are called ϕ, ρ
and z.

Since ϕ and ρ have in the xy plane the same meaning as the polar coor-
dinates then the conversion formulas from the Cartesian coordinates into
cylindrical coordinates are 

x = ρ cosϕ
y = ρ sinϕ
z = z

(5.8)

Find the jacobian of this change of variables. By the formula (5.6) we get

J =

∣∣∣∣∣∣
x′ϕ y′ϕ z′ϕ
x′ρ y′ρ z′ρ
x′z y′z z′z

∣∣∣∣∣∣
The variable z does not depend on ϕ and ρ, hence, z′ϕ = 0 and z′ρ = 0. The
variables x and y does not depend on z, i.e. x′z = 0 and y′z = 0. Consequently,

J =

∣∣∣∣∣∣
−ρ sinϕ ρ cosϕ 0

cosϕ sinϕ 0
0 0 1

∣∣∣∣∣∣
Expanding this determinant by the last column gives

J =

∣∣∣∣−ρ sinϕ ρ cosϕ
cosϕ sinϕ

∣∣∣∣ = −ρ sin2 ϕ− ρ cos2 ϕ = −ρ

Since ρ is a distance |J | = ρ.
Let V ′ be the region in cylindrical coordinates, which corresponds to

the region V in Cartesian coordinates. By the general formula for change
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of variables in the triple integral (5.7) we obtain the formula to convert the
triple integral in Cartesian coordinates into the triple integral in cylindrical
coordinates∫∫∫

V

f(x, y, z)dxdydz =

∫∫∫
V ′

f(ρ cosϕ, ρ sinϕ, z)ρdϕdρdz (5.9)

Supposing that the region V ′ in cylindrical coordinates is given by the
inequalities α ≤ ϕ ≤ β, ρ1(ϕ) ≤ ρ ≤ ρ2(ϕ) and z1(ϕ, ρ) ≤ z ≤ z2(ϕ, ρ), we
can write by the formula (5.4)

∫∫∫
V

f(x, y, z)dxdydz =

b∫
α

dϕ

ρ2(ϕ)∫
ρ1(ϕ)

dρ

z2(ϕ,ρ)∫
z1(ϕ,ρ)

f(ρ cosϕ, ρ sinϕ, z)ρdz (5.10)

Example 1. Convert

1∫
−1

dy

√
1−y2∫

0

dx

√
x2+y2∫

x2+y2

f(x, y, z)dz into an integral

in cylindrical coordinates.
The ranges of the variables in Cartesian coordinates from this iterated

integral are
−1 ≤ y ≤ 1

0 ≤ x ≤
√

1− y2

x2 + y2 ≤ z ≤
√
x2 + y2

The �rst two inequalities de�ne the projection D of this region onto xy-
plane, which is the half of the disk of radius 1 centered at the origin. The
third equality determines that the region of integration is bounded by the
paraboloid of rotation z = x2 + y2 on the bottom and by the cone z =√
x2 + y2 on the top.

In cylindrical coordinates the equation on the paraboloid of rotation con-
verts to z = ρ2 and the equation of the cone to z = ρ. So, the ranges for the
region of integration in cylindrical coordinates are,

−π
2
≤ ϕ ≤ π

2

0 ≤ ρ ≤ 1
ρ2 ≤ z ≤ ρ
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Now, by the formula (5.10) we write

1∫
−1

dy

√
1−y2∫

0

dx

√
x2+y2∫

x2+y2

f(x, y, z)dz =

π
2∫

−π
2

dϕ

1∫
0

dρ

ρ∫
ρ2

f(ρ cos ρ, ρ sinϕ, z)ρdz

Notice that the limits of integration are simpler in the cylindrical coordinates.
Example 2. Using the cylindrical coordinate, compute the triple integral

2∫
0

dx

√
2x−x2∫
0

dy

a∫
0

z
√
x2 + y2dz

In Cartesian coordinates the region of integration is de�ned by the inequa-
lities 0 ≤ x ≤ 2, 0 ≤ y ≤

√
2x− x2 and 0 ≤ z ≤ a, i.e. bounded by the planes

x = 0, x = 2, y = 0, z = 0 and z = a and by the cylinder y =
√

2x− x2. The
generatrix of the cylinder is parallel to the z axis and the projection onto
xy plane is the half circle y =

√
2x− x2. This is the upper half of the circle

y2 = 2x− x2 or x2 − 2x+ y2 = 0, i.e.

(x− 1)2 + y2 = 1

which is the circle of radius 1 centered at (1; 0).

Convert the integral given into the integral in cylindrical coordinates.
The range of the angle ϕ in the projection of this region onto xy plane is

0 ≤ ϕ ≤ π

2
. Converting the equation of the cylinder x2 + y2 = 2x into

cylindrical coordinates gives ρ2 cos2 ϕ + ρ2 sin2 ϕ = 2ρ cosϕ or ρ = 2 cosϕ.
Hence, the range for ρ is 0 ≤ ρ ≤ 2 cosϕ. We didn't convert the third
coordinate z, thus, 0 ≤ z ≤ a.

Converting the integrand into cylindrical coordinates gives

z

√
ρ2 cos2 ϕ+ ρ2 sin2 ϕ = zρ

Now, by the formula by (5.10)

2∫
0

dx

√
2x−x2∫
0

dy

a∫
0

z
√
x2 + y2dz =

π
2∫

0

dϕ

2 cosϕ∫
0

dρ

a∫
0

zρ · ρdz
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The integration with respect to z gives

a∫
0

zρ2dz = ρ2 z
2

2

∣∣∣∣a
0

=
a2ρ2

2

the integration with respect to ρ gives

a2

2

2 cosϕ∫
0

ρ2d% =
a2

2

ρ3

3

∣∣∣∣2 cosϕ

0

=
4a2 cos3 ϕ

3

Finally, integrating with respect to ϕ, we get

4a2

3

π
2∫

0

cos3 ϕdϕ =
4a2

3

π
2∫

0

(1−sin2 ϕ)d(sinϕ) =
4a2

3

(
sinϕ− sin3 ϕ

3

) ∣∣∣∣π2
0

=
8a2
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Finally we use the formula (5.3) to compute the volume of a solid.
Example 3 Compute the volume of solid bounded by the cone z =√
x2 + y2 and paraboloid of revolution z = 2− x2 − y2.
First we �nd the intersection of these two surfaces. The equation of the

cone can be converted to
z2 = x2 + y2

and substituting x2 + y2 into the equation of paraboloid we get z = 2 − z2

or z2 + z − 2 = 0.
This quadratic equation has two solutions z1 = 1 and z2 = −2. The

second solution is impossible because of the equation of cone. Thus, these
two surfaces intersect on the plane z = 1 and the intersection curve is the
circle x2 + y2 = 1.

According to (5.3) the volume is

V =

∫∫∫
V

dxdydz

To evaluate this triple integral we use cylindrical coordinates. The projection
of this solid onto xy-plane is the disk x2 + y2 ≤ 1. In cylindrical coordinates
this disk is determined by inequalities 0 ≤ ϕ ≤ 2π and 0 ≤ ρ ≤ 1. The
surface on the top is paraboloid of revolution and the surface on the bottom
is cone. In cylindrical coordinates x2 + y2 = ρ2 thus, the equation of the
cone is in cylindrical coordinates z = ρ and the equation of the paraboloid is
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z = 2−ρ2. Consequently, in this region ρ ≤ z ≤ 2−ρ2 and our triple integral
is in cylindrical coordinates

V =

∫∫∫
V

dxdydz =

2π∫
0

dϕ

1∫
0

dρ

2−ρ2∫
ρ

ρdz

Integration with respect to z gives

ρ · z
∣∣∣∣2−ρ2
ρ

= ρ(2− ρ2 − ρ) = 2ρ− ρ3 − ρ2

Integration with respect to ρ gives

1∫
0

(2ρ− ρ3 − ρ2)dρ =

(
ρ2 − ρ4

4
− ρ3

3

) ∣∣∣∣1
0

=
5

12

and the volume of the solid is

V =

2π∫
0

5

12
dϕ =

5

12
ϕ

∣∣∣∣2π
0

=
5π

6
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