6 Line integral

Line integral is an integral where the function to be integrated is evalu-
ated along a curve. The terms path integral, curve integral, and curvilinear
integral are also used.

6.1 Line integral with respect to arc length

Suppose that on the plane curve AB there is defined a function of two
variables f(z,y), i.e. to any point (x,y) of this curve there is related the
value f(x,y). Let

A=PFy, Po, Po, ..., Py1, Py, ..., P, =B
the random partition of the curve AB into subarcs Pf_l\Pk, k=1, 2, ..., n.

From every subarc we pick a random point Qx(&x, k) € Pr—1 P

Denote by Asy the length of the subarc Pf_l\Pk. Now we multiply the
value at the point chosen by the length of subarc f(Qy)Ask, where k =

1, 2, ..., n. Adding all those products, we get the sum
o= [(Qi)Asy (6.1)
k=1

which is called the integral sum of the function f(x,y) over the curve AB.

We have the random partition of the curve AB. Therefore, the lengths
Asy, of subarcs Pk/_}k are different. Denote by A\ the greatest length of
subarcs, i.e.

A = max Asy,
1<k<n

Definition. If there exists the limit

lim s,
A—0

and this limit does not depend on the partition of AB and does not depend
on the choice of the points Q) on the subarcs, then this limit is called the
line integral with respect to arc length and denoted by

Aé fz,y)ds
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Thus, by the definition
[ fawds =t S rQuas,
AB k=1

Line integral with respect to arc length is also referred as line integral of a
scalar field because f(x,y) defines a scalar field on the curve AB.

Suppose the curve AB is the piece of wire. If the function p(z,y) > 0
represents the density (mass per unit length) for wire AB, then the product
p(Qr)Asy is the approximate mass of subarc Asy and the integral sum

Z p(Qr)As
k=1

is the approximate mass of the wire AB. For shorter subarc the value p(Qy)
represents the variable density p(z,y) of subarc with greater accuracy. Thus,
in this case the limit of the integral sum, i.e. the line integral with respect
to arc length gives the mass of the wire AB:

m:/p(yc,y)ds (6.2)

The properties on the line integral with respect to arc length can be
proved directly, using the definition.

Property 1. The line integral with respect to arc length does not depend
on the direction the curve AB has been traversed:

Aé [z, y)ds :BZ [z, y)ds

Property 2. (Additivity property) If C' is some point on the curve AB,

then
flz,y)ds = | f(x,y)ds+ [ f(z,y)ds
R |
Property 3.
[fz,y) £ g(z,y)lds = | flz,y)ds+ [ g(z,y)ds
/ e ]

Property 4. If ¢ ic a constant, then

[ estewas - CAé Fo,y)ds

AB
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Property 5. Taking in the definition of the line integral with respect to
arc length f(z,y) = 1, we get the integral sum

n
Sy = E As;y,
k=1

which is the sum of lengths of subarcs. This is the length of arc AB for any
partition. Thus, for f(z,y) = 1 the line integral gives us the length of arc

AB:
Sap = /ds

AB

Property 5 can be also obtained by taking in (6.2) the density p(z,y) = 1
because then the mass and the length of the curve are numerically equal.

Any point of the curve AB in the space has three coordinates Q (&, 7, Cx)-
So, the function defined on the space curve is in general a function of three
variables f(x,y, z). Defining the line integral with respect to arc length along
the space curve we do everything like we did in the definition for the two-
dimensional case:

[ Gy s = im 3 f@u s (6.3)
AB k=1

Of course, five properties of the line integral for three-dimensional case
are still valid.

6.2 Evaluation of line integral with respect to arc length

Suppose that the parametric equations of the curve AB in the plane are

{ooed

and the parametric equations of the curve AB in the space are

x = z(t)
y=y(t)
z = 2(t),

where at the point A the value of the parameter ¢ = o and at the point B
the value of the parameter t = 5.



Definition 1. The plane curve AB is called smooth, if # = Z—f and

d
Y= d_gz are continuous on [a; (] and

P+ #£0
- ' . o dx
Definition 2. The curve AB in the space is called smooth, if # = a
d d
Y= d—i and 2 = d_; are continuous on [a; (] and

P+t + 2 #£0

Intuitively, a smooth curve is one that does not have sharp corners.

Theorem 1. If the function f(z,y) is continuous on the smooth curve
AB, then

B
[ #wvyds = [ a0 y0) /T P (6.0

Theorem 2. If the function f(z,y, z) is continuous on the smooth curve
AB, then

B
/ @y, 2)ds = / Fla(), (), (/72 + 5 + Pt (6.5)

If v(t) = (x(t),y(t), z(t)) is the position vector of a point on the curve,
then the square root in the formula (6.5) is the length of ©(t) = (Z(¢),y(¢), 2(t))

ie |r(t)] = /2% 4+ y2 + 22. The formula (6.5) can be re-written as

B
/&m%awz/fmmmmamwmﬁ

Suppose the curve AB is a graph of the function y = ¢(z) given explicitly,
at the point A x = a and at B x = b. The curve is smooth, if there exists
¢'(x) on the interval [a; b].

Theorem 3. If the function f(z,y) is continuous on the smooth curve

AB, then
b

/&@wwz/ﬂmmMVHw%x (6.6)
AB a
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This theorem is the direct conclusion of Theorem 1 because treating the

d
variable x as the parameter, we have © = 1 and y = % =

d
Example 1. Compute the line integral / —8, where AB is the seg-
=y
AB

ment of the line y = 2x — 3 between coordinate axes.

The line is the graph of the function given explicitly. Therefore, we use
for the computation the formula (6.6).

At the intersection point by y axis x = 0 and at the intersection point by

3
raxisy =0,1.e. z = 5 To apply the formula, we find y = 2 and 1+y" = 5.
Thus,

3

1
= —VbIn[3—z|| =—-V5 (111%—1113) :—\/glné =/51n2

3
2
0

Example 2. Compute the line integral / Vyds, where AD is the first
AB
arc of cycloid x = a(t —sint), y = a(1 — cost).

Ay P

|
|
|
at |
[
[
[

O am 2ar T

Figure 6.1: cycloid

For the first arc of cycloid 0 < ¢t < 2. To apply the formula (6.4), we
find & = a(1 — cost), §y = asint and

P* 9 = a*(1—cost)*+a?sin?t = a*(1—2 cos t4cos? t+sin*t) = 2a*(1—cost)



By the formula (6.4)

Aé Vids = O/ Va(l = cost)/2a2(1 — cost)dt =

2w

= 2mavV2a

0

2m
a\/%/(l — cost)dt = av2a(t — sint)
0

Example 3. Compute the line integral /(22 — /2% + y?)ds, where AB

AB
is the first turn of conical helix x = tcost, y = tsint, z = t.

For the first turn of conical helix 0 < ¢t < 27. Find © = cost — tsint,
y=sint+tcost, 2 =1 and
P +9? + 2% = (cost — tsint)® + (sint +tcost)? +1 =
cos’t — 2tcostsint + t*sin®t +sin®t + 2tsint cost + 2 cos’ t + 1 = 2 + ¢2

By the formula (6.5) we obtain

27
/(22 — V2 +y?)ds = /(2t — V12 cos? t + 2 sin? HV2 + t2dt =
AB 0
2 2 2
1
/(Zt—t)\/2+t2dt: /t\/2+t2dt = 5/\/2+t2d(2+t2) =
0 0 0
12+ 2+ 2+4n)V2 1 4% — 22
2 3, 3 |, 3

6.3 Line integral with respect to coordinates

In the first subsection we defined the line integral for the scalar field.
Now we are going to define the line integral for the vector field. First we
consider the two-dimensional case. Let AB be the curve in the plane and

= (X(x,y);Y(x,y)) a force vector. Suppose that the force is applied to
an object to move it along the curve AB. The goal in to find the work done
by this force. To do it, we first divide the curve AB with the points

A=PFy, P, ..., Po.1, P, ..., P,=B
into subarcs Pf_l\Pk, where £k = 1, 2, ..., n and approximate any subarc

Pk/_173k to the vector P,_1 FPy.



Denote the coordinates of the kth partition point P, by xp and y, i.e.
. —_—
Pr(zk; yx) and the coordinates of the vector Py_1 Py by

AIk =T — k-1

and
AYy = Yk — Y1

that is
R

PP, = (Ail?k:; Ayk)

EREE
Let As; be the magnitude of the vector Pj_q Py:

Asp = \/ Az + Ay?

and A the greatest of all those magnitudes

A = max Asy
1<k<n

Next we choose a random point Qg(&;n,) on any subarc Pk/_l\Pk and
substitute on this subarc the variable force vector by the constant force vector

J?k = (X (& me); Y (Ery i)

Recall that if a constant force ﬁﬁk is applied to an object to move it along
a straight line from the point P;_; to the point Py, then the amount of work

done Aj, is the scalar product of the force vector and the vector Py_;Pj:
R
Ap = ?k Py Py = X (& i) Ay, + Y (&g M) Ay

The total work done by the force vector ?, moving an object from the
point A to the point B along the curve is approximately

n

> (X (&) Ay + Y (G i) A (6.7)

k=1

Approximately because we have approximated the subarc If_l\Pk to the
vector Py_1 P, and the variable force vector F = (X(z,y);Y(z,y)) to the

%
constant vector Fr = (X (&, mk); Y (ks Mk))-
Obviously, taking more partition points, the subarcs get shorter and the

vectors Pj_1 Py represent the subarcs P,_1 P, with greater accuracy. As well,



the constant vector ZF;Z = (X (&, m); Y (&, mi)) represents the variable vector
F = (X(z,y);Y(x,y)) on Pp_1 Dy, with greater accuracy.

Definition. If the sum (6.7) has the limit as max Asy — 0 and this limit
does not depend on the partition of the curve AB and does not depend on
the choice of points ()5 on subarcs, then this limit is called the line integral
with respect to coordinates and denoted

/ X, y)de +Y (z,y)dy
AB
Thus, by the definition

/X(% y)de +Y (z,y)dy = lim > X (G ) Az + Y (G i) Ay (6.8)
AB k=1

If AB is a curve in the space, then
s
Pr1Py = (Axy; Ayp; Azg)

and the magnitude of this vector

Asy = \/sz + Ay + Az?
Also the force vector has three coordinates
F = (X (a0, 2):Y (2,9, 2)): Z(2,y, 2))

The line integral with respect to coordinates is defined as the limit

/ X(x,y,z)de + Y (z,y,2)dy + Z(z,y, z)dz

AB
n

A—0
k=1

We consider the properties of the line integral with respect to coordinates
for the curve in the plane. All of this discussion generalizes to space curves
in a straightforward manner.

Property 1. If C is a random point on the curve AB, then

/X(fv,y)dIJrY(x,y)dy: /X(I,y)dHY(x,y)dyﬂL/X(fv,y)dIJrY(x,y)dy
AB AC CB

(6.9)



Property 2. If the curve is traced in reverse (that is, from the terminal
point to the initial point), then the sign of the line integral is reversed as
well:

/X(x,y)dx +Y(z,y)dy = — / X(z,y)de + Y (x,y)dy (6.10)
BA AB

6.4 Evaluation of line integral with respect to coordi-
nates

Suppose that AB is a smooth curve in the plane

and the functions X (z,y) and Y (x,y) are continuous on AB. Let at the
point A the parameter t = o and at the point B t = 3.

Theorem 1. If the functions X (z,y) and Y (x,y) are continuous on the
smooth curve AB, then

8
/X(L y)dr +Y (x,y)dy = /[X(il?(t% y(£)E + Y (2(t), y(t))yldt  (6.11)
AB

«

In three dimensional case there holds the similar theorem. Suppose that
on the line AB

T = l‘(t), Yy = y(t)7 z = Z(t)

there is defined a vector function ?(x, y,2) = X(z,y,2),Y(x,y,2), Z(x,y, 2).
Suppose again that at the point A the parameter t = o and at the point B
t=[.

Theorem 2. If the functions X(z,vy,2), Y(z,y,2) and Z(x,y,z) are
continuous on the smooth curve AB, then

/ X2y, 2)dz + Y (2., 2)dy + Z(z. y, =)d=

AB
B

= /[X(l‘(t), y(t), 2(t)d + Y (x(t), y(t), 2()y + Z(2(t), y(t), 2(t))2]dt
(6.12)
Conclusion. Suppose the plane curve AB is the graph of the function
y = y(x) given explicitly and at the point A = = a and at B x = b. Treating



the variable x as a parameter, we obtain & = 1, y = ¢’ and by the formula
(6.11)

/ X, y)d + Y (2, y)dy = / X(r.y(0) + Y (ey(@)yde  (6.13)
AB

a

Remark. Sometimes (especially for vertical lines) it is necessary to consider
y as the independent variable and x as the function = z(y). Changing the
roles of the variables x and y, we get

/X(:L‘, y)dr + Y (z,y)dy = /[X(x(y), y)z' + Y (x(y), y)|dy (6.14)
AB

a

A curve L is called closed if its initial and final points are the same point.
For example a circle is a closed curve. A curve L is called simple if it doesn’t
cross itself. A circle is a simple curve while a figure oo type curve is not
simple. If L is not a smooth curve, but can be broken into a finite number
of smooth curves, then we say that L is piecewise smooth. The line integral
over the piecewise smooth closed simple curve L is often denoted

%X(x, y)dx + Y (z,y)dy

The positive orientation of the closed curve L is that as we traverse the
curve following the positive orientation the region D bounded by L must
always be on the left.

Figure 6.2: Positively oriented closed curve
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Example 1. Compute / x cos ydx — y sin xdy over the straight line from
AB

A(0;0) to B(m;2m).

The direction vector of the line is AB = (m;2m) and the parametric
equations

x =7t
= 2mt,

At the point A the parameter ¢ = 0 and at the point B ¢t = 1. To apply the
formula (6.11) we find & = 7 and y = 2. By the formula

1
/ x cosydr — ysinxdy = /(mﬁ cos 2t - m — 2wt sinwt - 27)dt
AB 0

1

= r? /[t(cos 21t — 4sinnt)|dt = . ..

0
The integral obtained we integrate by parts, taking
u=t, dv=cos2nt—4sinnt

Then

1 4
du=dt, v=—sin2nt+ — cosnt
2w s

and

1

1

1 4
_ / <— sin 27t + — cos 7Tt> dt
0 2T T
0
1
= —A4r
0

Example 2. Compute j{(xQ + y)dx + zydy, where L is the positively

9 1 . 4
=7 [t —sin2n7t + — cos 7t
21 T

4

2 + L ot — - gin it
—_ ——cos2nt — —sinw
T 472 2

=T

L
oriented triangle OAB with vertices O(0;0), A(2;1) and B(0;1).

The triangle is sketched in Figure 7.3. Notice that the triangle is a simple
closed piecewise smooth curve, because it consists of three smooth lines.

By Property 1

7{(932+y)da:+xydy = /(x2+y)dx+xydy+/(x2+y)da:+a:ydy+/(:1:2+y)da:+xydy
s oA AB BO
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By Property 2 the direction is important. Compute all three line integrals.
1

The side OA has the equation y = g, 0<zr<2andy = R By the formula

(6.13)

2 2
1 2
/(:E2+y)dx+xydy:/<x +2+x g §)d:v:/(5%+g)dx
0A 0 0

The side AB has the equation y = 1, hence, vy’ = 0. At the initial point
A x =2 and at the end point B « = 0. Thus, by (6.13)

0 0

/(x2+y>dw+xydy=/(x2+1+x-1-0)dx:/<x2+1)dx

AB 2 2

The third side BO of the triangle is the vertical line x = 0, hence, 2’ = 0.
At the point B y = 1 and at the point O y = 0. To compute the third line
integral we use the formula (6.14)

/(m2+y)dx+:vydy—/[(0+y)-O—l—O-y]dy—O

BO
Therefore,
2 0
?{(x + y)dx + zydy :/< >dm+/(x2+1)dx
L 0 2

12



Changing the limits in the last integral gives

2
2
]{(xz—l—y)dx—i—xydy:/(%—i—g—ﬁ—l) dx
0

L

2
2 x 3 2P
—/<Z+§—1>d$—(ﬁ+z—x)

0

We shall return to the last example once more.

0

6.5 Green’s formula

In this subsection we are going to investigate the relationship between
certain kinds of line integrals (on closed curves) and double integrals. Sup-
pose the functions X (z,y) and Y (x,y) are defined on the simple closed curve
L and in the region D enclosed by this curve.

Theorem (Green’s formula). If the functions X(z,y) and Y (x,y)
are continuous on the closed simple piecewise smooth curve L, the partial

o 0X . . . :
derivatives — and —— are continuous in the regular region D and L is

ox dy

positively oriented, then

}{X(x,y)dx Y (2, y)dy = // (% - %—j) dzdy (6.15)

Example. Let us compute the line integral

f(:ﬁ + y)dzx + xydy
L
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given in Example 2 of the previous subsection once more, using the Green’s
formula.
Here X (z,y) = 2® +y and Y (z,y) = zy. To apply the Green’s formula

Yy X
6.15) we find — =y and — = 1. Let D be the region bounded by L. By
0 0
L )
the formula (6.15)

j{(a:? + y)dx + zydy = //(y — 1)dxdy

L

Using Figure 7.3, we determine the limits of integration 0 < x < 2 and
g <y < 1. Hence,

7{(952 + y)dx + xydy = /Qd:c/(y — 1)dy

L

Find the inside integral

1 1

/@—1M%=/@—1M@—1%=@_1P

and the outside integral

/2 [_ (:z:—82)2] dr = _é /2($—2)2d(x—2) _ _%(x _32)3

6.6 Path independent line integral

(NI
(NI

2 1(-2)p 1

In this subsection we find out in what conditions the line integral

/ X(z,y)dx + Y (z,y)dy (6.16)

depends only on the endpoints A and B of the line but not on the path of
integration.

Assume that in the region D containing the points A and B the functions

0X oYy
X(z,y) and Y (x,y) and the partial derivatives — and —— are continuous.
T

Let’s choose two whatever curves AEB and AF B in the region D joining
the points A and B.

14



So, we want to know in which conditions for any curves AEB and AFB

/ Xdx +Ydy = / Xdxr +Ydy
AEB AFB

ie.
/ Xdx+Ydy — / Xdr+Ydy=0
AEB AFB
By Property 2 of the line integral with respect to coordinates

/de+Ydy+/de+Ydy:0
AEB BFA

and by Property 1

/ Xdx+Ydy =0
AEBFA
Denoting the closed curve AEBF A = L, we obtain the condition

j[de +Ydy=0 (6.17)
L

This condition we obtain for any curves between any two points A and
B in the region D. We shall call the curve joining the points A and B the
path of integration.

Consequently, if the line integral (6.16) is path independent, then for each
closed curve L in the region D there holds (6.17).

Theorem 1. The line integral (6.16) is path independent in the region
D if and only if for any closed curve L in the region D there holds (6.17).

15



Next, suppose that for every closed curve L in the region D there holds
(6.17). By the assumptions made in the beginning of this subsection there
holds Green’s formula. Denote by A the region enclosed by the closed curve
L. According to Green’s formula (6.15)

oYy o0X
//G%‘@)“@—O
A

ov _ox
or Oy

Then also

or

oy 90X
oxr Oy
Now Theorem 1 gives us the following theorem.
Theorem 2. The line integral (6.16) is path independent in the region
D if and only if in the region D there holds the condition (6.18).
The path independent line integral (6.16) is also denoted by

(6.18)

B
/ Xdxr +Ydy
A
Example 1. The line integral
B
/(230 cosy — y*sinz)dx + (2y cosz — z* siny)dy
A

is path independent because

a—(?y cosw — x?siny) = —2ysinw — 2rsiny
x
and
8—(2:1: cosy — y*sinz) = —2rsiny — 2ysinx
Y
Example 2. Compute
(2,1)
/ 2zydr + xidy
(0,0)
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This line integral is path independent because

O(x?)
=2
ox v
and o(22y)
ry
=2
dy o

Thus, we can choose whatever path of integration joining the points (0;0)
and (2;1). Let’s choose the broken line OBA, where O(0,0), B(2;0) and
A(2;1). Usually, choosing the kind of broken line, whose segments are parallel
to coordinate axes, gives us the most simple computation.

v

0 | p z

By Property 1 of the line integral with respect to coordinates

(2,1) (2,0) (2,1)
/ 2rydr + 2 dy = / 2zydr + v dy + / 2zydx + r3dy
(0,0) (0,0) (2,0)

The equation of the line OB is y = 0, which gives ' = 0. On the segment
OB 0 < z <2 and by the formula (6.13)

(2,0) 2
2xydr + ridy = /(2x 0+ 2%-0)dr =0
0

(0,0)

The equation of the line BA is x = 2, i.e. 2’ = 0. On the segment BA
the variable 0 < y < 1 and by the formula (6.14)

(2,1) 1
/2azydx—i—x /4y 0+4)dy =4
0

(2,0)
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Hence,
(2.1)

/ 2rydr + 2 dy = 4
(0,0)
If there exists a function of two variables u(z,y) such that the total dif-

ferential of this function is

du = X (z,y)dz +Y (z,y)dy

ie. X_? and Y — gz,then
0X  0u
oy  0x0y

and
o _ o
oxr  Oyox

Because of continuity the condition (6.18) holds.

Recall that the vector field F' = (X (x,y),Y (z,y)) is conservative, if Fis

the gradient of a scalar field u(x,y) and the function u(z,y) is the potential

function of F. Then du = X (x,y)dx + Y (x,y)dy is the total differential of
u(z,y) and the condition (6.18) holds.

Conclusion 1. For the conservative vector field F = (X(z,y),Y(x,y))
the line integral (6.16) is path independent.

Conclusion 2. For the conservative vector field F = (X(z,y),Y(x,y))
the line integral over any closed curve L

]{X(Jc, y)dx + Y (z,y)dy =0

Conclusion 3. If u(x,y) is the potential function of the conservative
vector field F = (X(z,y),Y(x,y)), then

B B B
/Xxydx—i—ny /du ) = u(z,y)
A A A
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