Exercises of Mathematical analysis 11

In exercises 1. - 8. represent the domain of the function by the inequalities
and make a sketch showing the domain in xy-plane.

1. z = a:—\/g.

+2
1+lny.

3. z = y/sin7w(2? + y?).

4. z=1Inx — Insiny.

5. z=+4— 22 +1In(y? — 4)

6. z = arcsinz
\/ Y

2= (y+ Va)VaST
8 z=+/r2+y?—1-2In(9 — 2% — 3
9. Are the functions
z= \/m and z = \/5\/@
identical? Why?
10. Are the functions
z=Inzxy and z=Inz+Iny

identical? Why?

Evaluate the limit

2 _
1. Lm Y
(29)—(00) 2T + y

2 2
12.  lim Ty

(@y)=(00) /22 +y2 +1—1
13, lim MEwAl-ol

(@y)—(00)  x2+y?




14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30. z =

lm
(c0)~(00) 22 +y

. ry(z® — y?)

hm _—
(z,9)—(0,0) 1%+ y?
' 22 _ y2

lim —~—
(2,y)—(0,0) 22 + Y2

: 3 3

lim sin(z® + y°)

(z,9)—(0,0) 22+ y?

In exercises 18. - 28. find partial derivatives with respect to every
independent variable.

Z:x23y+£
AT

T
z = Intan —
)

— g y
z =sinay — cos =
T

z =In(z + /2% + y?)

Yy
z = arctan —

N
z=uzyln(z +y)
w = In(zy +In2)
w = tan(z? + y* + 2%)
w = xY
w = e* cos(yz)
x

0 0
= : —. Evaluate % and —Z, ifz=9y=0.
1 +sinx +siny Ox dy

Evaluate the partial derivatives of z =

TCOSY — YCoST




31.

32.

33.

34.

35.

36.

37.
38.

39.

40.

41.

42.

43.

44.

45.

46.

0 0
w = 1In(1+z+ y? + 2%). Evaluate 9O L9 LY gt the point x =
Jor Jdy 0z

0 0 2
z :111(,@2 _y2), prove that a_;—'—a—; — x—’_y —

0z 0z
For the function z = xy+ x arctan J prove that et z— —i—ya— =ay+=z.
Z Y

oz

T

Find the total differential of the function z = arcsin —.

Y
. . . . . X )
Find the total differential of the function z = sin — cos =.
Y T

Find the total differential of the function z = Insin f.
Yy

Find the total differential of the function w = z%*.

Find the total differential of the function z = %, ifr=2y=1,
==y
Ax =0,01 and Ay = 0,03.

Evalua_’fc_e the increment Az and totall differentialldz of the function
=2 y,ifxz—S,yz?, Axr =——and Ay = -.
=y 3 4

Evaluate the increment Az and total differential dz of the function
z = xy + —, if x changes from —1 to —0,8 and y from 2 to 2, 2.
Y

Using total differential, compute the approximate value of 1,963-2, 03°.
V82
V28

VI,04
2,04

Using total differential, compute the approximate value of

Using total differential, compute the approximate value of arcsin
Using total differential, compute the approximate value of In ({”/0, 98 + /1,04 — 1).
4 2

d
Find ﬁ,if:ﬂgﬂ—x‘*—y = a.

d
Find d—y, if 2¢° + 322y + Inx = 0 and evaluate it at z = 1.
T



47.

48.

49.

50.

o1.

52.

93.

o4.

95.

56.

o7.

o8.

d
Find d—y, if y=+/zln T and evaluate it at the point (e%;e).
T Y

d
Find d—y, if ¥ = ¢y* and evaluate it at the point (1;1).
x

0 0
Find 22 and —Z, if 12 —2y% + 22 — 4o +22 -5 =0.
ox dy
.. 0z 0z . ) .
Find — and —, if z = cosxy — sinxz and evaluate these at the point
ox y
s
—1; 0).
¢
. L0z z . .
Find — and —, if zyz = e* and evaluate these at the point
ox oy
0? 0?
Prove that axgy = ng, if z = e*(cosy + xsiny).
0Pz 0 o?
Find 8_;’ 8_3; and 8x—(§y’ if z = arcsin(zy).
OPw
Find fw=e"*
in 92y07" ifw=e

x
Evaluate all second order partial derivatives of the function z = — at

the point (—1; —2).

Evaluate all second order partial derivatives of the function z = arcsin

at the point (1;—2).

Evaluate

ox? Oy? 0xy

2
at the point (0; —2), if z = cosT
Y
dz 0
For the function z = In (e” + €¥) prove that LT
or Oy

and Pz0% [ 0z 2_0
0x? Oy? oxdy)

(e7t —1;—1).

T

2+ y?



99.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

2,2

Prove that the function z = satisfies the equation

r+y
e o
0x? y(?xé?y_ ox

Find the gradient vector for the scalar field z = x — 3y + v/3xy at the
point (3;4).

Find the points at which the gradient vector of the scalar field z =
1y . o 16

In{fz+-|)isad=1,——].
Y 9

Find the gradient vector for the scalar field w = arcsin
the point (1;1;2).

Nz

z

4
Find the directional derivative of the function z = arctan y_ 3 at the
[
point (1;4/3) in direction the point (2;3v/3).

Find the directional derivative of the function w = xyz at the point
A(—2;1;3) in the direction of & = (4;3;12).

Find the directional derivative of the function w = x%y? — 22 + 2zyz
at the point B(1;1;0) in direction forming with coordinate axes the
angles 60°, 45° and 60° respectively.

Find the greatest rate of change of the function z = In(x? + y?) at the
point C(—3;4)

Find the greatest value of the derivative of function given by the equa-
tion 22 + 3> — 2% — 1 = 0 at the point (3;2;4).

Find the steepest ascent of the surface z = arctan Y at the point (1;1).
x

Find the direction of greatest increase of the function f(z,y,z) =
xsin z — ycos z at the origin.
Ty z

Find the divergence and curl of the vector field ? = (—, = —).
Yy zx

Find the divergence and curl of the vector field F = (In(2? — y?); arctan(z — y); zyz).



72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

Find the divergence and curl of the vector field ? = gradw, if w =
In(z +y — 2).

Find the divergence and curl of the vector field F = curla, if 8 =
(z%y; y?2; 2%2).

Find the local extrema of the function z = 42? — xy + 9y?> +  — y and
determine their type.

Find the local extremum points of the function z = z3y*(12 — x — y),
satisfying the conditions # > 0 and y > 0 and determine their type.

1 1
Find the local extrema of the function z = 2% + 2y + > + — + = and

r Yy
determine their type.

Find the local extrema of the function z = e”(z* + y*) and determine
their type.

Find the local extrema of the function z = 234y — 3zy and determine
their type.

Evaluate the double integral / / (2% 4+ y*)dzdy, if D is the quadrate

0<z<land 1 <y<2

dxdy

Evaluate the double integral / / 5, if D is the quadrate 1 <

r<2and 3 <y <4

5

Evaluate the double integral dx

Y~

xydy.

1

Evaluate the double integral / dr [ (zy + y)dy.
0

8
+

Ve
Evaluate the double integral / dx / (2% + y*)dy.
0



84.

85.

86.

87.

88.

89.

90.

91.

Sketch the domain of integration and determine the limits of integration
or / f(z;y)dzdy, if D is the region bounded by the line y = 0 and

D
the parabola y = 1 — 2.
Sketch the domain of integration and determine the limits of integration
r / f(z;y)dxdy, if D is the parallelogram bounded by the lines
D
y=0,y=a,y=zand y =z — 2a.

Sketch the domain of integration and determine the limits of integration

2
for // f(z;y)dxdy, if D is the region bounded by y =

1+ 22 and

D
y = a°.

Sketch the domain of integration and change the order of integration

1 VT
or/dm/f(x;y)dy
0 a3

Sketch the domain of integration and change the order of integration
/ dx / f(z;y)d
—V/1—22

Sketch the domain of integration and change the order of integration

2 T
Or/dy / flz;y)de
-2 y2_2

Sketch the domain of integration and change the order of integration
/ dx / f(z;y)d
1

1
Changing the order of integration express the sum / dy / f(z;y)dx +
0

VY
y+1

0
/dy / f(z;y)dx by one double integral.
1

0



92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

Sketch the domain of integration, determine the limits and evaluate the

double integral / / (x—2y)dzxdy, if D is the region given by inequalities
D

—1<r<2and0<y<a2?+1.

Sketch the domain of integration, determine the limits and evaluate the

double integral / / (2% + y*)dzdy, if D is bounded by the lines y = =,
D

r+y=2aand z =0.

Sketch the domain of integration, determine the limits and evaluate the
double integral / / xydxdy, if D is the least of segments bounded by
D

the line z + y = 2 and circle 22 + y? = 2y.

Sketch the domain of integration, determine the limits and evaluate the
double integral / / e“Vdxdy, if D is the region bounded by y = €7,

D
xr=0andy=2.

a x Yy

Evaluate the triple integral / dx / dy / w3y zdz.
0

0 0
dxdyd
Evaluate the triple integral // / rayaz , if V' is the region
(r+y+z+1)3
v

bounded by planes z =0,y =0,2=0and z +y+ 2z = 1.
Evaluate the triple integral / / / xyzdxdydz, if V' is bounded by the
v

surfaces y = 22, x = y?, z = 2y and z = 0.

Compute the area bounded by xy =4 and = + y = 5.

3

Compute the area bounded byy = x = 2y and z = 0 provided

‘ N 72 + 4a?’
a 18 a poslitive constant.

Compute the volume of solid bounded by the planes z = 0, y = 0,
y =z and o = 2 and paraboloid of revolution z = x? + y>.

Compute the volume of solid bounded by the hyperbolic paraboloid
(saddle surface) z = 22 — y? and the planes z = 0 and z = 3.

8



103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

Compute the volume of solid bounded by the surfaces z = x? + 32,
z=2(2?+y?),y =z and y* = z.

Compute the line integral / (2% + y*)ds where L is the line segment

from A(1;1) to B(4;4). ’

Compute the line integral / y*ds where L is the arc of cycloid z =

a(t —sint), y = a(l — cos t)Lbetween the points O(0;0) and C(2ar;0).

Compute the line integral / (2% 4 y* + 2)ds where L is the arc of helix
L

xr=acost,y=asint, z=>0t fromt =0 tot =27

Compute the line integral / xyzds where L is the quarter of circle

L
R . 3 Cy e
T = ) cost, y = ) sint, z = ——, which lies in the first octant.
d d
Compute the line integral / % where L is the segment of the
2 +y

L
line y = x from (1;1) to (2;2).

Compute the line integral / arctan galy — dx where L is the arc of
x

L
parabola y = z? from O(0;0) to A(1;1).

Compute the line integral /(x +vy)dx + (x —y)dy where AB is the arc

AB
of ellipse © = acost, y = bsint from A(a;0) to B(0;b).

Compute the line integral / xdy — ydx where L is the arc of astroid

L
7
r=acos’t, y=asin®t fromt =0tot = 5

d
Compute the line integral / Lix + —yl where L is the arc of cycloid
Y Y-

: T T
x:t—smt,yzl—costfromt:gtot:§.



113.

114.

115.

116.

117.

118.

119.

120.

121.

xdx + ydy + zdz
+y2+ 22 —r—y+2z
the line segment from A(1;1;1) to B(4;4;4).

where AB is

Compute the line integral / -
i V7

Compute the line integral / yzdxr + rzdy + rydz where L is the arc of

L
helix x = acost, y = asint, z = bt from t =0 to t = 2.

Convert the line integral j{(l — 2%)ydx + x(1 + 3*)dy to the double

L
integral over the region D where L is positively oriented, smooth, closed
curve and D the region enclosed by L.

Convert the line integral j{ e”(1—cosy)dx+e”(sin y+y)dy to the double

L
integral over the region D where L is positively oriented, smooth, closed
curve and D the region enclosed by L.

Use Green’s theorem to find %(x +yH)dx + (z + y)?dy where L is the

L
contour of triangle ABC with vertices A(1;0), B(1;1) and C(0; 1) with

positive orientation.

Use Green’s theorem to find 7{(5x —3y)dzx + (x — 4y)dy where L is the

L
circle 22 + > = 1 with positive orientation.

Use Green’s theorem to find % 2zydx + z2dy where L is the contour of

L
square |z| + |y| = 1 with positive orientation. circle 2 + 3> = 5 with
positive orientation.

21)
Evaluate / 2rydx + x*dy
(0;0)
(23)
Evaluate / ydx + xdy

(=1;2)

10



122.

123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

(2;2)
d d
Evaluate / Lm

/2 2
(1;1) Ty

, 1 2\ 73\’
Write the general term of the series 3 + = + 3 +....
Write th 1t f the series 1 — 2 4 — — & 4
rite € general term O € series — = — — — e
8 771319
Using the identit 1 L1 §0d the nth partial d
S11 € 1aentl —_— = - — n en artial sum an
& Yek+1D) K ktl P
th f the series —— + —— 4 4 4L
€ sum o € series —
1-2 2.3 3.4 k(k+1)
Find the nth partial d th f the series —— 4+ —— 4 —4
1mn en artial sum an € sum o € series
P 3.6 6-9 912

find the nth partial sum and the sum of the series Z(\/k+ -

Wk + 1+ VEk). .

Use the Comparison Test to determine whether the series Z -
— d+3
converges or diverges.
= 1
Use the Comparison Test to determine whether the series Z —_—
i (k3 —1)3
converges or diverges.
) . . 3 6
Use the d’Alembert Test to determine whether the series 1 + B + 30 +
12 3.2 , -
+ + ... converges or diverges.

E .« o e n!
Use the d’Alembert Test to determine whether the series Z T con-
k=1

verges or diverges.

Use the d’Alembert Test to determine whether the series Z Ght 1)
k=0 ’

converges or diverges.

11



133.

134.

135.

136.

137.

138.

139.

140.

141.

- 2k — 1
Use the Cauchy Test to determine whether the series Z arcsin®
— 4k + 3

converges or diverges.

L2k +3
k+1

Use the Cauchy Test to determine whether the series Zln

k=1
converges or diverges.

k+2
Use the Cauchy Test to determine whether the series Z ok ( ’ 1 1)

converges or diverges.

1 1 1
Use the Integral Test to determine whether the series 1 + = - + 0 +

o+

Y + ... converges or diverges.

1
Use the Integral Test to determine whether the series Z k(i k)

verges or diverges.

1 1
Use the Leibnitz’s Test to determine whether the series 1 — — + — —

1 1 1 \/§ \/g
At

. converges or diverges.

CoS k;7r

Use the Leibnitz’s Test to determine whether the series Z
verges or diverges.

Does the series

1 1 1 1
l—-=4+=—-—=+... 1)+t
?)2—i_f>2 72+ +(=1) (2n —1) *
converges conditionally or absolutely?
Does the series
1 1 1 1 1 11
e Ptz _—
2Tty VT et

converges conditionally or absolutely?

12



142.

143.

144.

145.

146.

147.

148.

149.

150.
151.
152.

153.

154.

Does the series

SN O e -
In2 In3 In4 Inb

converges conditionally or absolutely?

In exercises 178. -181. find the radius of convergence and the domain
of convergence.

{L‘k

k(k+1)

1

k(z — 2)*
3k

e T 1D
<)%

i
o

=L 2k (x + 3)F

2

k=0

In exercises 182. - 187. expand the function in powers of x and deter-

mine the domain of convergence.

1
Jw) = 10+
fle) = e

1
f@) = oy
f(z) =sinhz.

f(z) = cos®z.

f(z) = arctanx (Remark: integrate the result of the exercise 184. in
limits from 0 to z).

In exercises 188. - 192. find the Fourier series expansion of the given
2m-periodic function defined on a half-open interval.

-1, —m<x<0

f(:c)—{ 1, 0<z <

fle)=z,if —r <z <.

13



155. f(z) =22 if —r <x < 7.

156. f(x) =sinax, if -7 <z < 7.

™ =X

157. f(z) = 5 L0 <2 < 27

In exercises 193. - 196. determine the Fourier transform of function

given.
.. ) ) 1, ifx>0
158. Heaviside unit step function H(z) = { 0. if z <0
A i x] <2
159. Rectangular pulse f(z) = { 0, if |z] > 2

160. Two sided exponential pulse

e itz <0 .
flz) = { e if 5 > 0 provided (a > 0)

: . m

sinaz, if x| < —

OLT@= 0 fpeys ™
’ a

Answers

9. No, because the first function is also defined if x < 0 and siny <
0. 10. No, because the first function is also defined if x < 0 and
y < 0. 11. Does not exist. 12. 2 13. 0. 14.

Does not exist. 15. 0. 16. Does not exist. 17. 0 18.
x? NZ7 2 2z 20

1
2vy + ; — 19.
WE R 3R W

"o , . 2
ysin —  y2sin —

z z Yy .y 1 . Yy
——e v; —e v 21. ycosxy — —sin—; xcosxy + —sin — 22.
x x r

I y B Y Wz
VIR (x4 22+ y2) /22 + o2 2Va(z +y?)" x+y?

Ty Ty Yy x
24. y1 ;al s ' ' !
yn(x+y)+x+y,$n($+y)+w+y zy+Inz’ zy+Inz’

1 26 2x _ 3y ' 423
z(zy +1n 2) " cos?(x2 4+ 3 + 24) cos?(x2 + P + 2%)7 cos? (22 + 3 + 2%)
27. oyl ¥ Ingzy ¥ InayIny. 28. 2¢* cos(yz); —ze* sin(yz);

29, —; — 30. 1; -1 31. = 34. dz =
5v5 5v5 2

23.

—ye?® sin(yz)

14



ydx — xdy 9 x Y o . T . Y\ ydr — zdy
= 35. dz = | x°cos—cos= + y*sin —sin = —
lylvy? — 22 Yy r y oz 7Y
dr — zd d
36. d» = 2L 1Y 37. dw = x¥* (yz Ty zInzdy +ylnxdz> 38.
y? tan — x
1 Y 19 19
— 39. Az = —; dz = — 40. Az =~ 0,3764; dz = 0,35
36 © 7 635 523 600 ° el aE =
41. 259.,84. 42. 25—4 43. % 44. 0,006. 45.
222 — y? 1 2 — 2
2 —y) e L g 2 481 a0 ..
y(x? — 2y?) 3 de z+1" z+1
50 2 s 53 2y’ ‘ 3y
C24 7 247 T — 22T — 222 (1 —a2y2)/1— a2
1 1 3
54. e®*(1 + 3zyz + 22y*2> 55. 0; —; —=
(1 —22y?)\/1 — ax2y? ( Y vz 4" 8
4 3 4 1 13
56. ——; —:; — 57. 0 60. 2;—2— 61. —=:=;
25" 25’ 25 ( 4) < 3’4)’
11 1 1
r.3 62. (=:=:—= 63. 2> /2 64. — 0 65.
3 4 2°2 2 4V 13 13
3v5 2
24v2  66. 04: 67. 2 68. % 69. (0;—1;0)
1 1 1
70. div? = — + -+ —; curl? = E;i;ﬁ 71 le? =
y oz 227 127 g2
2x 1 1 2y
B N o
T N ) R AR yz’ﬁ—zﬁ)
3 —
72. div? = - Curl? = 0 73. div? = 0; curl? =
(e ty— 2P
.. 17 7
(2x; 2x; 2y — 22) 74. Local minimum at | ———; — 75. Local
1437 143
1 1
maximum at (6;4); Zmee = 6912 76. Local minimum at | —; — |;
(o) (35 %)
Zmin = 3V/3 77. There is no local extremum at (—2;0); local minimum
at (0;0) 78. There is no local extremum at (0;0), local minimum at (1; 1)
2 1
79. § 80. ln—5 81. 3§ 82. —9 83. E 84.
3 24 4 12

1—22 y+2a )

35
_[dﬂf / f(zy)dy  85. O/dy y/ f(z;y)dr 86._[de[ flzy)dy

15



Ny 0 y-1
2 VT2 2 V2z
9. [ar [ sony [an [ sy
2 ot 0 _Vm
1 VY 3 1 3 Vy—2
90. /dy / f(ar;y)dx+/dy/f(w;y)d$—/dy / flx;y)dx 91.
0 - 1 2 =2
1 x?
d f(z;y)d 92 107 93 iy 94 L 95
x x;y)dy . 50 - 30 1 . e
0 z—1
a't 1 5 1 1
. — . =In2 - — . = . =(15 —16In2
96 110 97 5 n 1%6 98 %6 99 2§35 61n 2)
100. a*(r —1) 101 — 102. 27 103. 104.
256 R*/3
422 105. 1—5a3 106. 27va? + b?(a® + 7b) 107. 3{
2 p2 3>
108. In2  109. g—z 110. -4 111. Tg 112.
2 1-v3 1
T vﬁl——lnB 113. 3V/3 114. 0 115.0//kx3+y%dxdy
24 2 2
) D
116.L//1¥ydxdy 117. 3 118. 4n 119. 0 120. 4
D
I 2%k—1 I
121. 8 122. /2 123. 124. (—1)*
V2 (3k——1) (=1) 6k — 5
1 1 1
125. S, =1 — ;S =1 126. S, = - — ——; § =
n+1 9 9n+1)
1
5 127. 1 —V24+vVn+2—vVn+1;, 1 -2 128. Conver-
gent. 129. Divergent. 130. Convergent. 131. Conver-
gent. 132. Convergent. 133. Convergent. 134. Con-
vergent. 135. Convergent. 136. Divergent. 137. Conver-
gent. 138. Convergent. 139. Convergent. 140. Absolutely
onvergent. 141.Absolutely onvergent. 142. Conditionally onvergent.
143. R=1,-1<z<1 144. R=1,-1<z <1 145. R = 3;
1 T x? 3
—1l<zx<b 146. — 0 <xr <0 147, — — —+ — — — + ..

10 100 103 104

16



2 3

converges if —10 < =z < 10 148. 1 — =z + % — % + ..., converges if
—oco < x <oo 149. 1—x2+x4—x6+...,convefges if—1<z<1 150.

3 5 1 [e's) —1)7(9 on
x—l—§+%+...,convergesif—oo<x<oo 151.1+§;%

b

2 x> 4
converges if —oo < x < o0 152. x — 3 + S + ..., converges
4 SN sin(2k + 1)a L (—1)kH!
if —1 < <1 153. — _ 154. 2 ~——~—sink
i <z < sz; okt 1 ; sin kx
2 = (—1)k 2sinam = (—1)%k
155. £l + 42 12 coskx 156. - Z R sin kx 157.
k=1 k=1
. sinkz 1 24 2a
> 158. — 159. == sin 2w 160. ——— 161.
— k 1w w a® 4+ w
2ia 8sin —
w? — a?
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