
Evaluate the double integral

1.

a∫
0

dy

2y∫
y−a

xydx

2y∫
y−a

xydx = y

2y∫
y−a

xdx = y · x
2

2

∣∣∣∣2y
y−a

= y
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4y2

2
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2

)
=
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4y2
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2
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2

)
=

3

2
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2
y

a∫
0

(
3

2
y3 + ay2 − a2

2
y

)
dy =

(
3

2
· y

4

4
+ a · y

3

3
− a2

2
· y

2

2

) ∣∣∣∣a
0

=

=
3a4

8
+
a4

3
− a4

4
=

11a4

24

2.

4∫
3

dx

2∫
1

dy

(x+ y)2

3.

π∫
0

dx

π
2∫

0

x sin(x+ y)dy

d(x+ y) = dy

π
2∫

0

x sin(x+ y)dy = x

π
2∫

0

sin(x+ y)d(x+ y) = −x cos(x+ y)

∣∣∣∣π2
0

=

= −x(cos(x+ π

2
)− cosx) = −x(− sinx− cosx) = x(sinx+ cosx)
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π∫
0

x(sinx+cosx)dx = . . .

b∫
a

udv = uv

∣∣∣∣b
a

−
b∫

a

vdu

u = x dv = (sinx+ cosx)dx
du = dx v = − cosx+ sinx

. . . = x(sinx− cosx)

∣∣∣∣π
0

−
π∫

0

(sinx− cosx)dx =

= π + (cosx+ sinx)

∣∣∣∣π
0

= π − 1− 1 = π − 2
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Sketch the region of integration

4.

2∫
−1

dy

y2∫
−y2

f(x, y)dx

5.

2∫
0

dx

√
2x−x2∫

−
√
4−x2

f(x, y)dy

0 ≤ x ≤ 2 −
√

4− x2 ≤ y ≤
√
2x− x2

y = −
√

4− x2 ⇒ y2 = 4− x2 ⇒ x2 + y2 = 4

y =
√
2x− x2 ⇒ y2 = 2x−x2 ⇒ x2−2x+1+y2 = 1⇒ (x−1)2+y2 = 1

x

y

1

−2

x = 2
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Sketch the region of integration and reverse the order of in-

tegration

6.

1∫
−1

dx

√
1−x2∫
0

f(x, y)dy

−1 ≤ x ≤ 1 0 ≤ y ≤
√
1− x2

x = −1, x = 1, y = 0, y =
√
1− x2

y =
√
1− x2 ⇒ y2 = 1− x2 ⇒ x2 + y2 = 1

x

y

x = −1 x = 1

x2 + y2 = 1 ⇒ x2 = 1− y2 ⇒ x = ±
√
1− y2

D : 0 ≤ y ≤ 1

−
√
1− y2 ≤ x ≤

√
1− y2

1∫
−1

dx

√
1−x2∫
0

f(x, y)dy =

1∫
0

dy

√
1−y2∫

−
√

1−y2

f(x, y)dx
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7.

2∫
1

dx

2x∫
x

f(x, y)dy

D : 1 ≤ x ≤ 2 x ≤ y ≤ 2x

x = 1, x = 2, y = x, y = 2x

x

y

1

2

4

x = 1 x = 2

y = x

y = 2x

D1

D2

D1 :1 ≤ y ≤ 2 D2 :2 ≤ y ≤ 4

1 ≤ x ≤ y
y

2
≤ x ≤ 2

2∫
1

dx

2x∫
x

f(x, y)dy =

2∫
1

dy

y∫
1

f(x, y)dx+

4∫
2

dy

2∫
y
2

f(x, y)dx

8.

2∫
−2

dy

y2+1∫
−1

f(x, y)dx
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9.

2∫
0

dy

y2+2∫
y2

f(x, y)dx

0 ≤ y ≤ 2 y2 ≤ x ≤ y2 + 2

y = 0, y = 2, x = y2, x = y2 + 2

x

y

D1

D2

D3

2 4 6

y = 2
x = y2

x = y2 + 2

x = y2 ⇒ y = ±
√
x ⇒ y =

√
x

x = y2 + 2 ⇒ y = ±
√
x− 2 ⇒ y =

√
x− 2

D1 :0 ≤ x ≤ 2 D2 :2 ≤ x ≤ 4 D3 :4 ≤ x ≤ 6
0 ≤ y ≤

√
x

√
x− 2 ≤ y ≤

√
x

√
x− 2 ≤ y ≤ 2

2∫
0

dy

y2+2∫
y2

f(x, y)dx =

2∫
0

dx

√
x∫

0

f(x, y)dy +

+

4∫
2

dx

√
x∫

√
x−2

f(x, y)dy +

6∫
4

dx

2∫
√
x−2

f(x, y)dy
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10.

0∫
−1

dx

x+1∫
0

f(x, y)dy +

1∫
0

dx

√
1−x2∫
0

f(x, y)dy

D1 : −1 ≤ x ≤ 0 D2 : 0 ≤ x ≤ 1

0 ≤ y ≤ x+ 1 0 ≤ y ≤
√
1− x2

x = −1, x = 0, x = 1, y = 0, y = x+ 1, y =
√
1− x2

x

y

D1 D2

1

x = −1 x = 1

y
=
x
+
1

y = x+ 1 ⇒ x = y − 1

y =
√
1− x2 ⇒ x2+y2 = 1 ⇒ x2 = 1−y2 ⇒ x =

√
1− y2

D : 0 ≤ y ≤ 1 y − 1 ≤ x ≤
√
1− y2

0∫
−1

dx

x+1∫
0

f(x, y)dy+

1∫
0

dx

√
1−x2∫
0

f(x, y)dy =

1∫
0

dy

√
1−y2∫

y−1

f(x, y)dx
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Sketch the region of integration and evaluate the double in-

tegral

11.

∫∫
D

x2

1 + y2
dxdy if D the quadrat 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1.

x

y

y = 1

x = 1
D

∫∫
D

x2

1 + y2
dxdy =

1∫
0

dx

1∫
0

x2

1 + y2
dy

1∫
0

x2

1 + y2
dy = x2

1∫
0

dy

1 + y2
= x2 · arctan y

∣∣∣∣1
0

= x2 · π
4

1∫
0

dx

1∫
0

x2

1 + y2
dy =

1∫
0

π

4
x2dx =

π

4
· x

3

3

∣∣∣∣1
0

=
π

12
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12.

∫∫
D

xdxdy if D is the triangle with vertices (0; 0), (1; 1) and

(0; 1).

x

y

y = 1

y = x

D

1

1

D : 0 ≤ x ≤ 1 D : 0 ≤ y ≤ 1
x ≤ y ≤ 1 0 ≤ x ≤ y

∫∫
D

xdxdy =

1∫
0

dy

y∫
0

xdx

y∫
0

xdx =
x2

2

∣∣∣∣y
0

=
y2

2

1∫
0

dy

y∫
0

xdx =
1

2

1∫
0

y2dy =
1

2
· y

3

3

∣∣∣∣1
0

=
1

6

9



13.

∫∫
D

cos(x − y)dxdy if D the triangle bounded by y = 0,

y = x and x = π.

x

y

x = π
y = x

D

π

π

D : 0 ≤ x ≤ π

0 ≤ y ≤ x

∫∫
D

cos(x− y)dxdy =

π∫
0

dx

x∫
0

cos(x− y)dy

d(x− y) = −dy ⇒ dy = −d(x− y)
x∫

0

cos(x−y)dy = −
x∫

0

cos(x−y)d(x−y) = − sin(x−y)
∣∣∣∣x
0

= sinx

π∫
0

sinxdx = − cosx

∣∣∣∣π
0

= − cos π + cos 0 = 2
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14.

∫∫
D

1

x
dxdy if D is bounded by y = 0, y = lnx and x = e.

x

y

1

1 2 3

x = e

y = lnx

D

D : 1 ≤ x ≤ e

0 ≤ y ≤ lnx

∫∫
D

1

x
dxdy =

e∫
1

dx

lnx∫
0

1

x
dy

lnx∫
0

1

x
dy =

1

x

lnx∫
0

dy =
1

x
· y
∣∣∣∣lnx
0

=
1

x
· lnx =

lnx

x

e∫
1

lnx

x
dx =

e∫
1

lnx
dx

x

e∫
1

lnxd(lnx) =
ln2 x

2

∣∣∣∣e
1

=
1

2

11



15.

1∫
0

dx

1∫
x2

xey
2

dy

D : 0 ≤ x ≤ 1
x2 ≤ y ≤ 1

x

y

x = 1

y = 1

y = x2

D

D : 0 ≤ y ≤ 1
0 ≤ x ≤ √y

1∫
0

dx

1∫
x2

xey
2

dy =

1∫
0

dy

√
y∫

0

xey
2

dx

√
y∫

0

xey
2

dx = ey
2

√
y∫

0

xdx = ey
2 · x

2

2

∣∣∣∣
√
y

0

= ey
2 · y

2

1

2

1∫
0

ey
2

ydy

d(y2) = 2ydy ⇒ ydy =
1

2
d(y2)

1

2
· 1
2

1∫
0

ey
2

d(y2) =
1

4
ey

2

∣∣∣∣1
0

=
1

4
(e− 1) =

e− 1

4
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