Line integral with respect to length of arc

AB: y=vy(z), Ala;y(a)), Bb;y(b))

[ sty = / Fz, y(@) /T + yPda
AB a

d
1. Evaluate / *_if L is the segment of the line y = g —
r—Yy

from the pomt A(0; —2) to B(4;0)
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= V5(In8 —In4) =
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2. Evaluate the length of the first arc of cycloid z = a(t—sint),
y=a(l—cost) (0 <t <2m).

AB: x=uxz(t), y=y(t), Alx(a);y(a)), B(x(B);y(B))

B
/ f (. y)ds = / F(a(t), y(£) /T gt
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T =a(l —cost), y=asint

2 49? = a*(1—cost)’+a’sin®t = a?(1—2 cos t+cos? t+sin’t) = 2a*(1—cost)

2m
[ = / V/2a2(1 — cost)dt
0

t
1 —cost = 281n2§

t t
0<t<2nr = Ogﬁgw = sinEZO
2 2 2
t t t t
l:/\/2a2-2sin2§dt:2a/sin§dt:4a/sin§d (§> =
0 0 0
t277
= —4acos=| =—4a(—1—-1)=38a
2O




AB: z=x(t), y=y(t),z=2(t) A:t=a, B:t=p

8
[ e 2s = [ 5t 00V 7 2
AB o

22ds

5 if I the first arc of the screw line z =
ety

3. Evaluate / 5

L
acost, y =asint, z =t.
0<t<2r
T = —asint, y=acost, z=1

P2+t + 22 =a?sin®t +a’cos’t+1=a+1

s2t + a2sin’t

21
/ 22ds B / t2v/a2 + 1dt B
22 +y2 | a?co B
L 0

mﬁ
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2dt =

\/cﬂi / / 8m3va? + 1

3a?
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Line integral with respect to coordinates

AB: y=y(x), Alaya)), Bby(b))
b

[ X+ Via)dy = [(XGeyla) +Y (@)l
AB

a

4. Evaluate /(m2 — yH)dx if L is the arc of parabola y = 22

L
from (0;0) to (2;4).
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$5

0 9
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/(xQ—yQ)dx = /2(x2x4)dx = %3

AB: xz=uxz(t), y=y(t), Alx(a);y(a)), B(x(B8);y(H))

(67

[ Xwdesy @)y = [ Xl p@)i+ @0, )il
AB

, if L is the half circle x = a cost,

2d . 2d
5. Evaluate/y roray
2 + 12
L

y=asint (0 <t <m).

T = —asint, y = acost



/ yide — 22dy / a’sin®t(—asint) — a® cos®t - acostdt B
L

z2 + y? a2 cos?t + a?sin®t
0

s

o 3(i3 3
— t t
= / @’ (sin”{  cos )dt = —a/(sin3t+ cos® t)dt
0

a?
0

™ ™ ™

/sin3 tdt = /sin2tsintdt = /(1 — cos’t)sintdt = ...

0 0
u=-cost du= —sintdt sintdt= —du

o

-1

L= /(1—u2)(—du) - j(l—u2)du - <u - “;)

™

/COS3 tdt = /(1 — sin®t) costdt = ...

0 0

uw=sint du = costdt
0

..:/(1—u2)du:0

0

s

4
—a/(sin3t + cos® t)dt = —Ea
0



6. Evaluate /ydx — xdy if L is the ellipse © = acost, y =

L
bsint traversed in positive direction.
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r = —asint, y = bcost
2m
/ydx —xdy = /(bsint - (—asint) — at - beost)dt =
L 0
2 2 o
= —ab/(sin2t +cost)dt = —ab/dt = —ab-t| = —2mwab
0
0 0

AB: z=x(t), y=9y(t), z=2(t) A:t=a, B:t=p

/X(x, y,z)dx + Y (x,y, z)dy + Z(z,y, z)dz =
AB

_ /[X(x(t), y(t), 2(t)d + Y (x(t), y(t), 2(£)y + Z(x(t), y(t), 2(t))z]dt

(67

7. Evaluate /xd:lf+ydy+ (x+y—1)dz if L is the line segment

L
from (1;1;1) to (2;3;4).

§=1(1;2;3)



r=14+t y=1+2t, 2=143t
(1;1,1) t=0, (2;3;4) t=1
r=1 y=2, 2=3

/xdx+ydy+(x+y—1)dz:
L

1
/1+t A (142024 (1 4+t 41426 —1)-3dt =
0

y 1

/14t+6dt (7t* 4+ 6t)| =13

0
0

. Evaluate / yzdx + zxdy 4+ xrydz if L is the arc of screw line
L

at
r = Rcost, y = Rsint, z = o between the planes z = 0

T
and z = a.
t
=0 = L = t=0
2
at
=0 =»> —=aq = —=1 = t=27
27 18

a
r = —Rsint, y= Rcost, z=—
27



/yzdaz + zady + vydz =
L
2

3

= / [Rsmt —(—Rsint) + a—tRcost - Rcost + Rcost - Rsint - 2 a
2T 2T
o
= o (—tsin®t + tcos*t + sint cost)dt =
0
= C;—]j:/(tcos 2t + sint cost)dt
2
/tcos 2tdt =
0
u=1 dv = cos 2tdt
du = dt dv = %sin 2tdt
o o
.= —sin2t 27T—E/Sin 2tdt = —E/Sin 2td(2t) = 1cos 2t K = 1(1—1) = (
2 0 2 4 4 ol
0 0
2
/ sint cos tdt =
0
u =sint du = cos tdt
0
.= /udu =0
0
aR? ]

—— | (tcos2t +sintcost)dt =0
2T
0



Green’s formula
oY 0X
X Y — - =
j{ (z,y)dz + Y (2, y)dy // <8x o5 > dzdy
L D

9. Evaluate 7{ ydx — xdy if L is the positively oriented circle

L
2t +y? = R2
4y
X
R\/R %E
Y =—2x X =y
Y ] ox ay oX

Ox oy or Oy
%ydaz —xdy = //(—Q)dxdy = -2 // dedy = —27 R?
L D D



10. Evaluate 7{(1’ +y)?dr — (z — y)?*dy if L is the closed curve,

L
which goes along the arc of parabola y = 22 from the point
0(0;0) to the point A(1;1) and from A along the line y = x
back to O(0;0).

2Y

T

av

X=(@+y?® Y=—(z-y)
%2—2(w—y) 6—X=2(x+y)

dy
oY 0X
— - —— =20+ 2y — 2z -2y = —4x
or Oy

]{(93 +9)%dx — (x —y)*dy = —4 // wdxdy

L
D: 0<z<1 x2§y§x
1 x

—4//xdxdy:—4/dm/xdy

D

(en]
8
N

X

/a:dy::c-y




11. Evaluate % zydx + x*y>dy if L is the positively oriented
L

contour of triangle with vertices (0;0), (1;0) and (1;2).

1 T
X =uxy Y = 2%y
oY 0X oY o0X
=%y == = R P T
ox vy oy v or 0Oy W
j{xyda: + 2%y dy = //(Q:Uy?’ — x)dxdy
L




Path independent line integral

/ X(x,y)dx +Y (z,y)dy
AB

oy _ox
ox Oy
(2:3)
12. Evaluate ydx + xdy

(—=1;2)

A(-1;2), C(2;2), B(2;3)

B c B
/ydm+xdy:/ydm+xdy+/yda:+xdy
A A c

AC: y=2, ¢4 =0, —-1<x<2

c
/yd:c+:cdy:/(2+:c-0)dx:2x
A

CB: x=2, =0, 2<y<3



3
/ydx—|—33d /y 0+ 2)d :2(3—2):2
c 2

(2:3)
/ ydr +xdy =6+ 2 =38
(—1:2)
(1;1)
13. Evaluate 2xydr + zidy

(0;0)

oY 0X

X =2y Y =2 a—x:2x a—yzQ:{:

0:0) = (1;1) y=2a

(L:1) 1 1
/ 2xydr+x3dy =/ (2z-2+2%1)d /3x2dsc =23 =1
(0:0) 0 0 0
(5;12)
xd d
14. Evaluate :§+ ey
22 + y?
(3;4)
L Y
X=—- Y=—""-—
$2 + y2 332 + y2
oY Yy 5 2xy
_— )= -
ox (22 + y?)? (22 + y?)?
0X x 2xy

- .9 - =7
oy @12 T T @)

A(3;4) B(5;12)  C(5;4)
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(5:12) B
xdx—i—ydy /a:dx—l—ydy /xdx-l—ydy
242 x? + y? x? + y?
(3:4)
AC: y=4, 4 =0, 3<z<5
5 5
/ dx+ydy_/x+4 0 /
2 4y :1:2—1—16 2+16
A 3

3

1
d(x* +16) = 2xdx  xdr = §d(x2 + 16)
Foad 1 5(K 2416) 1 ° 1
xrax xX
=— | =———~ = ~In(2*+16)| = =(In41—-1In25
/ﬁxQ%—16 2l/m TR R G )3 5 (In41=In25)
3 3

CB: x=5 2=04<y<I12

Sy

12 12
/a:d:v+ydy_/5-0+yd _/ ydy

w2 4+y2 ) 25442 v= y? + 25
C 4 4

1
d(y* +25) = 2ydy  ydy = éd(y2 + 25)

12 12

d 1 [dy?+2 1

/ yay :—/M:—ln(y2+25
2+25 2] g2 2

4

12

1
= 5(11’1 169—In41)

4
4



(5:12)

vde +ydy 1 1 11 1
T Y (ln41-1n25)+= (In 169—In 41) = 1109 18
242 2 2 295 5

(3:4)

oy 0X
or Oy

Vector field (X (z,y); Y (z,y)) is called conservative
3 u(z,y): du=X(z,y)dr+ Y (z,y)dy
u(x,y) is called potential function of vector field (X (x,y); Y (x,y))
(z,y)

/ du =u

(350711/0)

(z,y)

= U(I, y) - U(I’O, yO)
(70,%0)

15. Find the function u(x,y) if du = 2?dz + y*dy

X = 22 Y:y2

oY 0X
— =0, —=0
ox dy
(z,y)
u(x,y) = / z2dx + yidy
(z0,y0)
Y
Yt------=---=----- JB
voq A ¢
e %



C
_ 2 2 2 2
u(x,y)—/x dr +y-dy + [ x°dx + y~dy
A

Y —

AC: y=vwyo, ¥ =0, x<az<u

xT

C
3|7 3 3
2 2 2 L L Lo
d dy = de =—| == -2
/x r+yay /:ca: 3% 3 3
A

1'3 33'3 y3 y3
R T
- % _ %

3 3
.1,'3 3
u(e,y) =5+ 5 +C

16. Find the function u(z,y) if du = (2xcosy — y*sinx)dx +
(2y cosz — 2 siny)dy

Let us use the sketch of previous exercise.

X =2zcosy —y’sine Y =2ycosz —z’siny

oY : : 0X : .
6—:—2ysmx—2xsmy = —2rsiny — 2ysinx
x

Ay

u(z,y) = [ (2zcosy — y*sinx)dx + (2y cosx — x*siny)dy +

= ~—n

B
+ /(23: cosy — y*sinz)dx + (2y cosx — x?siny)dy
C



AC: Y = Yo, y/:(), ro<wr<2x

C
/(2:6 cosy — y*sinx)dx + (2y cosx — z*siny)dy =
A

X

= /(296 cosyy — yasinx)dr = (x? cosyy + yjcosx)| =

Lo
Lo

= 2% cosyy + y(Q) cos T — :cg cos Yo — y% COS X

CB: xz=z, 2=0y<y<y

2

B
/(Zx cosy — y>sinz)dr + (2ycosx — 2 siny)dy =
C

y

y
(2ycosz — 2®siny)dy = (y* cosx + z* cosy)| =
Yo

—

Yo

= y2cosx—|—x2cosy—ygcosx—x%osyo

2cosyo—l—ygcos:z: —x%cosyo —ygcosxo—l—

u(z,y) ==
+y% cosz + 2% cosy — yg cosx — 2 cosyy =

= y2C08x+$2008y—$%C08y0 —ygcosa:o

C' = —x3 cosyy — Y3 cos xg

u(z,y) = y*cosz + 2*cosy + C



