2 Partial derivatives

2.1 Partial derivatives

Fix in the domain of the function of two variables z = f(z,y) one point
P(z,y). Holding y constant and increasing the variable x by Az we have the
increment of the function f(x,y)

Definition 1. If there exists the limit

0z _ o Aez [+ Axy) — f(xy)
Or  Ar—0 Az Az—0 Az

(2.1)

then this limit is called the partial derivative of the function f(z,y) with
respect to the variable x at the point (x,y).
of

The partial derivative with respect to z is denoted also 2., fl.(z,y), =—.

Holding x constant and increasing the variable y by Ay we have the
increment of the function f(z,y) as Ayz = f(z,y + Ay) — f(z,y).
Definition 2. If there exists the limit

0z _ . BAyz ey + Ay) — fz,y)

Oy Ay—0 Ay Ayso Ay (22)

then this limit is called f(z,y) the partial derivative of the function f(x,y)
with respect to the variable y at the point (z,y).
The possible alternate notations for partial derivatives with respect to y

are z,, f,(z,y), g—gjj

If we find the partial derivative with respect to the variable x the variable
y is treated as constant. The only variable in Definition 1 is Axz. As well,
finding the partial derivative with respect to the variable y the variable x
is treated as constant. The only variable in Definition 2 is Ay. We need to
pay very close attention to which variable we are differentiating with respect
to. This is important because we are going to treat the other variable as
constant and then proceed with the derivative as if it was a function of a
single variable. Consequently, all the rules of differentiation of functions of
one variable hold if we find the partial derivatives.

Example 1. Find the partial derivatives with respect to both variables
for the function z = 2%y — 22%y>.



Finding the partial derivative with respect to z, y is treated as constant.
Thus, by the difference rule an constant rule we obtain

0z 0 0 0 0
5 = 7 W5 (BY) = Yo (a7) =yt oo (27) = yr3at -yt 2w = 3uty 2wy’

Finding the partial derivative with respect to y,  is treated as constant.
By the rules of differentiation

0z 0, 4 9,

= 5~ ) =S 20

2 3_ .2 3 2
— " =3’ —a"-2y=2"—2x
oy V) y Y

The chain rule is also still valid.
Example 2. Find the partial derivatives with respect to both variables
T
for the function z = arctan —.

Y
The partial derivative with respect to x is

9z _ 1 9z [z v 18(>7 y
or z\2 0z \y RN
1+(—)
Y

= — - ——\ X
Y2+ 22 yozx
The partial derivative with respect to y is

0= _ 1 ozfx\_ ¢y 0 (1
oy (x)2 oy \y) y*+a22 "oy \y
1+ (=
y

_ ¥ _E\___ %

- x2+y2 y2 - :L"2+y2

The partial derivatives of the function of three variables w = f(z,vy, 2)
with respect to variables z, y and z are defined as the limits

Or  Az—0 Ax Az Az
8y Ay—0 Ay Ay—0 Ay
and
8_11)_ li Azw_ li f(x,y,z—i—Az)—f(:c,y,z)
9z Arbo Az Arso Az

If we find the partial derivative with respect to one independent variable,
the other independent variables are treated as constants.



Example 3. Find the partial derivatives with respect to all three inde-
pendent variables for the function w = z¥".

Finding the partial derivative with respect to x, we have the power func-
tion with constant exponent y?, therefore,

ow w1
- = xy -
ox 4
To find the partial derivative with respect to y we use the chain rule. The
outside function is the exponential function with constant base x and the

variable exponent y*, which is the power function with respect to y. By the
chain rule
ow

z —
— =2¥ Inx - 2y*

Ay
To find the partial derivative with respect to z we use the chain rule
again. The outside function is the exponential function with constant base
x. The inside function is another exponential function y* with the constant

base y. Thus
ow

— =2 Inz-y*lny

0z

2.2 Total increment and total differential

Let us fix one point P(z,y) in the domain of function z = f(z,y). As-
sume that the function f(z,y) is continuous and has the continuous partial

derivatives —— and —— at the point P(x,y) and in some neighborhood of this

ox dy

point.
It is possible to prove that total increment

Az = flz+ Az, y+ Ay) — f(z,y)

can be represented as

_ o —Ax + —fAy + 1Az + e2Ay (2.3)

Az - Ox dy

where ¢, and g4 are two infinitesimals as (Ax; Ay) — (0;0) i.e.

lim €1 = lim €9 =0
(Az;Ay)—(0;0) (Az;Ay)—(0;0)
In subsection 1.4 we have used the notation Ap = /Ax? + Ay?. The

conditions

Az

—1 <1
Ap| —
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and

Ayl
Ap| —
. x Ay
mean that these are the bounded quantities. Thus, 51A— and 52A— are
P P

infinitesimals as the products of the infinitesimals and a bounded quantities.
Thus, the limit
A A
lim w: lim 81_x+ lim g9—= J =0
Ap—0 Ap Ap—0  Ap  2p—=0 T Ap
which means that e; Az + €Ay is an infinitesimal of the higher order with
respect to Ap, i.e. with respect to Ax and Ay.

0 0
After that in the representation (2.3) 8_f and (9_f are the values of partial
Z Y
derivatives at the fixed point P i.e. the real numbers. Hence, the first sum
of of
—Ax+ —A 2.4
9 T g, (2.4)

is linear with respect to Az and Ay.
Definition. The linear part (2.4) of the total increment (2.3) is called
the total differential of the function z = f(z,y) and denoted by dz.
According to the definition

0z 0z
dz=—A —A
o=t 5yt
For the function z = x the partial derivatives % = 1, % = 0 and
ox dy
dz = dx = Ax.
. . L. 0z 0z
For the function z = y the partial derivatives — = 0, — = 1 and
ox dy
dz = dy = Ay.

Consequently for the independent variables z and y the notions of diffe-
rential and increment coincide and the total differential can be re-written
as

dz = —dz + —dy. (2.5)

x
Example 1. Find the total differential for the function z = arctan —.

(Y

Using the partial derivatives found in Example 2 of subsection 1.5, we obtain

Y x ydxr — xdy

x2+y2 $2+y2 Y $2+y2
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Example 2. Evaluate the total increment and the total differential for
the function z = /22 + % if x =3, y =4, Ax = 0,2 and Ay =0, 1.
By the formula of the total increment of the function we get

Az =/3,22 44,12 — /32 1 41 = \/27,05 — /25 = 0, 20096

To evaluate the total differential we find

0z 1 x

0 o0ty | Rty

and

0z Y
dy /a2 + 2
Then
3 4 0,6 0,4
dz= —o—-0,24+ ——=-0,1= —+ - =0,2
V32 + 42 V32 + 42 5

We see that the difference between the total increment and the total
differential is less than 0,001, which is less by two orders of values with
respect to Az and Ay.

The last fact gives us the possibility to compute the approximate va-
lues of functions of two variables using the total differential. If Az and Ay
are sufficiently small, then Az and dz differ by the quantity, which is the
infinitesimal of a higher order with respect to Ax and Ay. We can write

Az~ dz
or p 9
fla+ Ay + Ay) = fla,y) = 5ode + 5ody
This gives us the formula of approximate computation
0 0
Flot Ay + Ay) ~ fa,9) + 92 Aa a—fy"Ay (2.6)

Example 3. Using the total differential, compute 2,032 - 0, 962.
Here we choose the function f(x,y) = 23y? and the values z = 2, y = 1,
Ax = 0,03 and Ay = —0,04. The partial derivatives are
of

ZJ 3x2y2

ox



and

The value of the function at the point chosen f(2,1) = 8.1 = 8 and the
0

values of partial derivatives are —f =3-4-1=12and = =2-8-1=16.
ox oy

By the formula (2.9)

(240,03)% - (1 —0,04)> =8+12-0,03 — 16- 0,04 = 7,72

Suppose that the function of three variables w = f(x,y, z) and the par-
ow ow

w
tial derivatives —, — and —— are continuous at the point P(z,y,z) and

ox’ Oy 0z
in some neighborhood of this point. Analogously to the formula (2.3) it is

possible to prove that the total increment of the function can be expressed
as

Aw = gwa + aa—wAy + g—wAz + oAz + fAYy + yAz, (2.7)
T

where aAx + Ay + vAz is an infinitesimal of a higher order with respect
to Ap = /Az?+ Ay? + Az2. The expression

dw = Z—de g—wdy + Z—Zdz (2.8)
is called the total differential of the function w = f(x,y, z). Again, for the
independent variables x, y and z the notions of the increment and differential
coincide, i.e. dr = Az, dy = Ay and dz = Az.

Example 4. Find the total differential for the function w = z¥".
Using the partial derivatives found in Example 3 of subsection 1.5, we
obtain

dw = y2v e +2¥ Inx- 2y ldy +2¥ Inz -y lny =

. 1
yx? (d_x + 2 Inxdy +1nx1ny)
Z Y

As well as for the function of two variables there holds the formula of
approximate computation
aof of of

flx+ Az, y+ Ay, 2+ Az) =~ f(z,y, 2 )—i—a—A +3 Ay —i-%Az (2.9)



2.3 Partial derivatives of implicit function

Counsider the function
F(z,y)=0 (2.10)

given implicitly. This equation determines the variable y as the function of
x (in general case not one-valued).

Suppose that the function F'(z,y) is continuous and it has the continuous
partial derivatives at the point P(z,y) and in some neighborhood of this
. . . . ,
point. In addition suppose that at P(x,y) the partial C}ierlvatlve F(r,y) #
0. Let us deduce the formula to find the derivative d_y’ using the partial
x

derivatives of the function F(z,y).

Let us fix the point P(x,y) on the graph of given function. The coordina-
tes of this point satisfy the equation (2.10). Change = by Az and find on the
graph the value of y+ Ay related to z + Az. As Q(x+ Az, y+ Ay) is a point
on the graph again, the coordinates of this point also satisfy the equation

F(x + Az,y + Ay) = 0. (2.11)
Subtracting from the equation (2.11) the equation (2.10), we obtain
F(z+ Az,y + Ay) — F(z,y) =0

The left side of the last equality is the total increment of the function F'(z,y)
and the equality can be re-written

AF =0

Because of the assumptions made in the beginning of this subsection this
equality converts by (2.3) to

a—FAx + a—FAy +alAx + Ay =0
ox dy
which yields
oF oF
(8—y+ﬁ) Ay = — (%—Fa) Az



or

oF
Ay gp
- OF
Az 9 5
oy

Find the limits of both sides of this equality as Az — 0. The limit of the

left side is by the definition of the derivative d_y The function is continuous,
x
consequently if Ax — 0 then Ay — 0. Knowing that o and 3 are the
infinitesimals as (Ax, Ay) — (0;0), that is lim o = 0 and lim = 0, the
Azxz—0 Axz—0
limit of the right side of the equality is

oF
_Ox
or
dy
Thus, to find the derivative of the function given implicitly we have the

formula
dy  F,

- 2.12
L dy 44 .4 2.2 9
Example 1. Find T for 2* + y* — a*z7y® = 0.
x
Here F(z,y) = z* + y* — a*2*y*, so F, = 42° — 2a’zy® and F, = 4y° —
2az%y. By the formula (2.12)
dy 42 —2aPxy®  x(22° —aPy?)

de 43 —2a22%y  y(2y% — a22?)’

The equation F(z,y,z) = 0 relates to pairs of (x,y) some value(s) of
the variable z. In other words, this equation defines z as a function of x
and y. Assume that the function F(z,y,z) is continuous and has the con-

oF oF

tinuous partial derivatives —, — and —— at the point P(x,y,z) and in
oxr’ Oy 0z

some neighborhood of this point. Moreover assume that F.(x,y,z) # 0 at

P(x,y, z).

If we find the partial derivative of the function z with respect to x the
variable y is treated as constant. In this case in the equation F(z,y,z) =0
there are only two variables z and z and by (2.12) we obtain

0z F!



If we repeat this reasoning for y we have
0z  F,
oy  F!

z

(2.14)

Example 2. Find the partial derivatives d and i for the function of
T Y
two variables x? + y? + 22 = r? given implicitly.
As F, = 2x, I, = 2y and F. = 2z we obtain by the formula (2.13) the

partial derivative
0z x

dr 2
and by the formula (2.14) the partial derivative
0z Y

oy =z
2.4 Partial derivatives of composite functions

Suppose that the variable z is a function of two variables u and v, denote
z = f(u,v), and u and v are the functions of two independent variables x
and y, denote u = ¢(z,y) and v = ¥ (x,y). Then z is a composite function
with respect to z and vy, i.e.

= f(gp(x,y),z/z(x,y)) = F<I7y)

Let us fix a point P(z,y) in the common domain of the functions u =
o(x,y) and v = (x,y). Then the related point (u,v) in the (u,v)-plane
is also fixed. Suppose that the functions u and v are continuous and have

Oou Ou Ov ov )
o a—y, o and 8_y at the point P(z,y)

and in some neighborhood of this point. Also assume that the function z

the continuous partial derivatives

0z 0z
is continuous and has the continuous partial derivatives 0 and 0 at the
U v

related point (u,v) and in some neighborhood of this point.
The partial derivative of the composite function z = F'(z,y) with respect
to x will be found by the formula
0z 0z0u 0z0v
R T 2.15
Oor  Oudx + Oov Ox (2.15)
The partial derivative of the composite function z with respect to the
variable y will be found by

0z 0z0u 0z0v

R 2.1
dy  Oudy * ov Oy (2.16)

9



0 2
Example 1. Find a—z and a—z for z = In(u?+v), u = "V and v = 22 +y.
x

According to the formulas (2.15) and (2.16) we have to find six partial
derivatives

0z  2u 0z 1
ou  w+v v uwl4v
8u 42 8u 2
or _* Oy g
ov ov
D9, Y
or D dy ’
By (2.15) we have
0z 2u 2 1 2 2
— = Ty AQr = T+y
ox u2+v€ +u2+v o u2—|—v(ue + )
and by (2.16)
0z 2u 2 1 1 2
== 2yemty - duye™V 41
dy ul+wv ve +u2+v u2+v(uye +1)

Remark. If z is a function of three variables z = f(u, v, w) and in addition
to the u and v there is w = x(z,y), then the partial derivatives of the
composite function z with respect to the variables x and y can be found by

the formulas
0z 0O0z0u O0z0v 0Oz Ow

%~ 9ude  vor  wor (2.17)

and
0z 0z0u 0z0v Oz 8_w

S Al 2.1
oy 8u8y+8vay+8w8y (2.18)

Next, let z be a function of three variables x, v and v z = f(x,u,v),
where u = p(x) and v = ¥(x). In this case z is a composite function of one
variable z

z = f(z,¢(z),¥())

d
The derivative of that function d_z we obtain using (2.17). As the derivative
x
d
d_:z: =1 and u and v are the functions of one variable, then
x

dz 0z 0Ozdu Ozdv

The derivative in (2.19) is called the total derivative.

10



d
Example 2. Find d—z for 2 = 22 + VY and y = 2+ 1.
x
Here z is the function of two variables x and y, where y is the function of
the variable x. In this case the formula (2.19) gives

%—%+%@—2x+i =1 2—1—i =z 2—1—;
dr  Oxr  Oydr 2\/y B Ny w2 4+1/)

2.5 Higher order partial derivatives

As we have seen in many examples, the partial derivatives of the function

0
z = f(x,y) % and 6_2 are in general functions of two variables again. Thus,

ox
it is possible to differentiate both of them with respect to x and y.

Definition 1. The partial derivative with respect to = of the partial
z
derivative 9 is called the second order partial derivative with respect to x
x
2

and denoted to be read de-squared-zed de-ez-squared), that means

o (o
ox2  Or \ Ox

Definition 2. The partial derivative with respect to y of the partial

z
922

0z
derivative 97 is called the second order partial derivative with respect to x
x
2

and y and denoted ;x gy

(to be read de-squared-zed de-ex-de-y). By this

0 _ 0 (0
oxdy Oy \Ox

Definition 3. The partial derivative with respect to x of the partial

definition

0z . S .
derivative EW is called the second order partial derivative with respect to y
2

Y
0°z )
and x and denoted ———, that is

0yox
o _ 0 (0
Oydx  Ox \ Oy

Definition 4. The partial derivative with respect to y of the partial

0 . S .
derivative 8_2 is called the second order partial derivative with respect to y
Y

11



2

l.e

z
and denoted —, 1
oy?

o (o
oy Oy \ dy

The second and third second order partial derivatives are often called
mixed partial derivatives since we are taking derivatives with respect to more

than one variable.
3 3 3 " i " "
The second order partial derivatives are denoted also z;,, z;,, 2, and 2z,

or fir.(x,y), fi,(x,y), fi.(x,y) and f] (2, y).
The second order partial derivatives are the functions of two variables
x and y again. Hence, all four second order partial derivatives can be diffe-

rentiated with respect to x and y. So we define eight third order partial

derivatives
pe_o (B #e o (o
ox3  Ox \0x2)  0x20y Oy \ Ox2
Pz 0 [z Pz 0 (0
0xdydr  Ox \O0xdy )’ 0xdy: 0Oy \ 0xdy
Pz 0 (0% Pz 0 [P
Oydx?  Ox \Oydx )’ 0Oydxdy Oy \ dyox
P o () 00 (0
0y20x  O0x \0y2)’ 0Oy> Oy \0y?

x
Example 1. Find all second order partial derivatives for z = arctan —.
Yy

In Example 2 of subsection 6.5 we have found

0z Y 0z x
or 2+ 2 Oy a2 42

dxdy — Oy \ 22 + 1> (22 + y?)? (22 +y2)?
Pz 9 oz P4y a2 2t -y
oydxr  Ox x? + 12 (x2 + y?)? N (x2 + y?)?

FPz_0f @ N_ O L N_ (2% \_ 2wy
3y2_8y x2—|—y2 o (91/ x2+y2 o (x2—|—y2)2 —(m2+y2)2



These results suggest a question, are the mixed second order partial de-
rivatives
0?2 d 0%z
0x0y a Oyox
equal. The next theorem says that if the function is smooth enough this will
always be the case.

0: 0z
ox’ Oy’

are continuous at the point P and on some neighborhood

Theorem. If the function z = f(x,y) and its partial derivatives
0z q 0z
an
0x 0y Oyox

of this point, then at the point P
Pz 0Pz
oxdy  Oydx

This theorem says that if the partial derivatives to be evaluated are conti-
nuous, then the result of repeated differentiation is independent of the order
in which it is performed.

Therefore, if the partial derivatives involved are continuous, the also holds

o'z 02 O
0xOydxdy  0x20y?  Oy20x2

Analogous theorem is valid also for the functions of three etc. variables.
Pw dw
and
0x0y0z 02010y

Example 2. Find the third order partial derivatives

for the function of three variables w = e” sin(yz).
First we find

ow .
5 © sin(yz)
second
0*w . .
900y e® cos(yz) - z = ze® cos(yz)
and third
PPw x T z .
e e” cos(yz) + z(—e®sin(yz)) - y = e*[cos(yz) — yz sin(yz)]

To find the second third order partial derivative, we find
ow

5 = ye® cos(yz)
next
0*w " cos(y2)
= ye” cos(yz
020z 4 4

13



and finally

Pw
0200y

= e’ cos(yz) — ye”sin(yz) - z = e®[cos(yz) — yzsin(yz)]

2.6 Directional derivative

Up to now for the function of two Variables z = f(x,y) we've only loo-

0
ked at the two partial derivatives O_Z and 8_ Recall that these derivatives
x Y

represent the rate of change of f as we vary x (holding y fixed) and as we
vary y (holding z fixed) respectively. We now need to discuss how to find the
rate of change of f(x,y) if we allow both z and y to change simultaneously.
In other words how to find the rate of change of f(z,y) in the direction of
vector 5 = (Axz, Ay).

The goal is to obtain the formula to compute the derivative of the function
z = f(x,y) at the point P(z,y) in the direction of the vector 5 = (Az, Ay).

Assume that the function z = f(x,y) and its partial derivatives % and

ox

z
— are continuous at P and in some neighborhood of this point.

dy

Denote the length of the vector § by As = \/Az? + Ay?. By the (2.3)
the total increment of the function has the form

LN
T Jy

2 PEAy + e, Ax + 9y

where €1 and &5 are infinitesimals as As — 0. Dividing the last equality by
the length of the vector Kl gives

Az 82Aw+%%+ Ax n Ay
As  OrAs  Oyhs  VAs T As

?

T
The ratios A_ and 2y are the coordinates of the unit vector s° in direction
s

As
of the vector 5. Denoting by « and  the angles that S forms with the

coordinate axes, it’s obvious that

Ax Ay
N cosa and N cos 8
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Therefore, these ratios, i.e. the coordinates of the unit vector in direction of
the vector s are called the directional cosines of that vector.

Definition. The limit

is called the derivative of z at the point P in the direction of the vector il

and denoted aajz Since
s

. Ax Ay
A (A_ + A_) =0

we have the formula to compute the directional derivative

0z 0z 0z
ed = 2.2
57 = 5, (8¢ + o cos 3 (2.20)

Example 1. Find the derivatives of the function z = 2% 4 y? at the point
P(1;1) in directions of vectors s = (1;1) and 53 = (1; —1).
First we evaluate the partial derivatives of z at P

0
P _op| =2
ox P
and 5
z
— =2yl =2
dy P
The length of the vector s_f is As; = \/5, the directional cosines are cos o =
—— and cos f = —. Hence,
V2 ’ V2
0z 1 1
=2 — 42— =22
st V2 V2

The length of the vector 3_5 is Asg = \/5, the directional cosines are cos o =

1 1
—— and cos f§ = ———=. Thus,
V2 ’ V2

82_2 i
NG
1



Starting from the same point in the zy plane and moving in different
directions, we get the different results. Thus, the directional derivative has
no meaning without specifying the direction. The directional derivative gives
us the instantaneous rate of change of the given function of two variables at
a certain point in the pre-scribed direction.

Partial derivatives with respect to x and y are special cases of the di-

rectional derivative. If the given vector S points in direction of z-axis then

a=0,0= g, cosa = 1 and cos = 0. Hence,

0z 0Oz
0% Oz
T
If the given vector il points in direction of y-axis then a = > 6 =0,

cosa = 0 and cos f = 1. It follows

0z 0z

ds Oy

Thus, the directional derivative in the direction of x axis is the partial
derivative with respect to x and the directional derivative in the direction of
y-axis is the partial derivative with respect to y.

The directional derivative of the function of three variables w = f(x,y, z)
at the point P(x,v, z) in the direction of the vector 5 = (Az, Ay, Az) can
be found by the similar formula. Let o, § and v denote the angles between
the vector & and z-axis, y-axis and z-axis respectively. Then the directional
cosines of the vector & are cos a, cos 8 and cosy. The directional derivative
is computed by the formula

ow  Ow ow ow
ﬁ—a—xcosoz—i—a—ycosﬁ—i—acosy (2.21)

Example 2. Find the directional derivative of the function w = xy +
xz +yz at the point P(1;1;2) in the direction of the vector that makes with
the coordinate axes the angles 60°, 60° and 45° respectively.

Find the partial derivatives at the point P

ow ow
—=y+z =3, —=x+z =3
ox P dy P
and
W _ oy 2
—_— =X =
0z yP
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and the directional cosines

|

) |

11
5= (cos60%; cos 60°; cos45°) = | =; =;
2 2
By the formula (2.21) we obtain
1 1 2
ow V2 543

—3.= R WA S
Ed 3ot gt
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